University of Mississippi

eGrove
Electronic Theses and Dissertations

Graduate School

2013

Exploring Mathematical Knowledge In Elementary Teacher
Candidates With The Use Of Classroom-Based Artifacts
Erica Paige Gillentine
University of Mississippi

Follow this and additional works at: https://egrove.olemiss.edu/etd
Part of the Elementary Education and Teaching Commons

Recommended Citation
Gillentine, Erica Paige, "Exploring Mathematical Knowledge In Elementary Teacher Candidates With The
Use Of Classroom-Based Artifacts" (2013). Electronic Theses and Dissertations. 844.
https://egrove.olemiss.edu/etd/844

This Dissertation is brought to you for free and open access by the Graduate School at eGrove. It has been
accepted for inclusion in Electronic Theses and Dissertations by an authorized administrator of eGrove. For more
information, please contact egrove@olemiss.edu.

EXPLORING MATHEMATICAL KNOWLEDGE IN ELEMENTARY TEACHER
CANDIDATES WITH THE USE OF CLASSROOM-BASED ARTIFACTS

A Dissertation
presented in partial fulfillment of requirements
for the degree of Doctor of Philosophy
in the School of Education
The University of Mississippi

by
E. PAIGE GILLENTINE
August 2013

Copyright E. Paige Gillentine 2013
ALL RIGHTS RESERVED

ABSTRACT
Researchers have suggested that teachers use a specialized type of knowledge specifically
attributed to the work of teaching. One aspect of this specific type of knowledge is the ability to
analyze children’s work. With continued emphasis on a teacher’s ability to analyze their
students’ thought processes, teacher candidates will need to develop this same ability. The
purpose of this study was to examine how teacher candidates used knowledge to discuss different
types of classroom-based artifacts within elementary mathematics content courses. Three
sections of an elementary mathematics content course received one type of classroom-based
artifact: the entire artifact consisting of student work and student explanations, explanations from
the artifact, or work from the artifact. The fourth section of this content course did not receive an
artifact and acted as a control group for the study.
Before receiving classroom-based artifacts, all teacher candidates solved the problem
from the artifacts and posted their solution processes in an online course management system.
Teacher candidates were given classroom-based artifacts on six separate occasions. On each
occasion, teacher candidates individually answered reflection questions pertaining to the
students’ solution processes and students’ understanding or lack of understanding. Teacher
candidates were placed in groups, where discussions of these reflection questions took place.
Data was collected through the use of pre- and post-content assessments, reflection questions,
and artifact discussions.
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Results indicated that there was no significant difference in post-assessment scores by
type of classroom-based artifact. The way in which teacher candidates discussed the artifacts,
however, varied slightly based on the type of artifact. The section that received the entire artifact
tended to provide the most accurate descriptions and interpretations. The section that received
only the explanations, however, was able to recreate the student work and provided detailed
descriptions and interpretations.
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CHAPTER I: INTRODUCTION
In 2000, the National Council of Teachers of Mathematics (NCTM) released Principles
and Standards for School Mathematics. In this document, NCTM stated that students should
develop a conceptual understanding of mathematics in addition to computational skills.
Following this, other documents have since been released that support the development of such
knowledge in children (CCSSI, 2010; National Research Council, 2001).
In the context of teacher education, supporting teachers in developing this same
conceptual knowledge and, in turn, preparing them with regards to how to teach mathematics in
four years is unrealistic (Morris, Hiebert, & Spitzer, 2009). Teacher candidates must make
connections between their mathematical knowledge and the way that content should be taught.
Teacher candidates need to develop a deeper understanding of the mathematics, however, to
make these connections. As such, teacher preparation programs need to provide opportunities for
teacher candidates to gain this same conceptual knowledge (Sowder, 2007). When teacher
candidates are given the opportunity to learn through problem solving, then these teacher
candidates can gain a conceptual knowledge of mathematics (Matthews, Rech, & Grandgenett,
2010; Thanheiser, Browning, Moss, Watanabe, & Garza-Kling, 2010). Teacher candidates can
only learn what they have had the opportunity to learn (Hiebert, 2003). Determining the
mathematical content knowledge required of teacher candidates has been widely debated
(CBMS, 2001, 2012; Sowder, 2007). To this end, researchers at the University of Michigan have
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aimed to define Mathematical Knowledge for Teaching (MKT), a framework which specifies the
types of knowledge needed for the teaching of mathematics (Ball, Thames, & Phelps, 2008).
Many research studies have utilized classroom artifacts (e.g., videos and student sample
work) in developing pedagogical content knowledge (PCK) with in-service teachers through
professional development and with teacher candidates through their course work (Carpenter,
Fennema, & Frank, 1996; Carpenter, Fennema, Frank, Levi, & Empson, 1999; Carpenter,
Fennema, Peterson, Chiang, & Loef, 1989; Carpenter, Franke, & Levi, 2003; Goldsmith &
Seago, 2008, 2011; Philipp, 2008; Romagnano, Evans, & Gilmore, 2008; Steele, 2008; van den
Kieboom & Mageria, 2010; van Zoest & Stockero, 2008). Yet, MKT describes mathematical
knowledge beyond PCK. If in-service teachers are required to have some level of MKT to
become effective mathematics teachers, then at some point this development should begin in
teacher preparation programs (Superfine &Wagreich, 2008; van den Kieboom & Magiera, 2010).
Two frameworks that might be useful in redefining teacher preparation programs are MKT (Ball
et al., 2008) and professional noticing of children’s mathematical thinking (Jacobs, Lamb, &
Philipp, 2010). An overview of these two frameworks is presented in the following paragraphs.
Mathematical Knowledge for Teaching
To define what knowledge is needed to teach mathematics, the researchers at the
University of Michigan made observations of mathematics teachers in action. Through their
work, these researchers created the Mathematical Knowledge for Teaching (MKT) framework
(Ball et al., 2008).
The MKT framework consists of two sections: subject matter content knowledge and
pedagogical content knowledge. Subject matter content knowledge is divided into three domains:
common content knowledge (CCK), specialized content knowledge (SCK), and horizon content
2

knowledge (HCK). These domains focus on procedural and conceptual understanding,
knowledge needed for the teaching of mathematics, as well as how mathematical topics progress,
respectively. Pedagogical content knowledge is divided into three domains: knowledge of
content and students (KCS), knowledge of content and teaching (KCT), and knowledge of
content and curriculum (KCC). These domains focus on students’ anticipated responses,
instructional decision-making, and curriculum matters, respectively. In order to become an
effective mathematics teacher, one must have knowledge in all six domains (Ball et al., 2008).
Of particular interest in this study was specialized content knowledge (SCK), one of the
domains of subject matter knowledge that is strictly needed for the work of teaching. This type
of knowledge includes being able to model problems, interpreting whether solution processes are
appropriate, and determining how different solution processes connect (Ball et al., 2008). A
richer description of MKT is provided in Chapter 2.
Professional Noticing of Children’s Mathematical Thinking
Using children’s mathematical thinking to develop MKT has been researched for many
years (Carpenter et al, 1989; Goldsmith & Seago, 2008; Jacobs, Lamb, & Philipp, 2010;
Romagnano, Evans, & Gilmore, 2008; Steel, 2008; van Zoest & Stockero, 2008). Research has
demonstrated that student achievement is influenced by instructional decisions; in turn,
instructional decisions are influenced by the knowledge that teachers have about their students
(Ball et al., 2008). Therefore, if teachers understand children’s strategies for solving problems,
then teachers should have the ability to develop KCS and KCT (Carpenter et al., 1989).
Children’s mathematical thinking can be examined through the use of artifacts of
practice. Artifacts of practice are “physical records that capture aspects of the work that happens
during mathematics lessons” (Goldsmith & Seago, 2001, p. xvii). Using these artifacts with
3

teachers and teacher candidates can be a tool for developing mathematical knowledge for
teaching (Carpenter et al., 1989, 1996; Morris et al., 2009; Philipp et al., 2007; Romagnano,
Evans, & Gilmore, 2008; Steel, 2008; van Zoest & Stockero, 2008). While exploring these
artifacts, teachers and teacher candidates progress through levels of noticing children’s
mathematical thinking (Jacobs et al., 2010). Jacobs, Lamb, and Philipp (2010) proposed that
professional noticing of children’s mathematical thinking consists of three skills: “Attending to
children’s strategies, interpreting children’s understandings” (p.172), and “deciding how to
respond on the basis of children’s understandings” (p. 173). The first two skills pertain to teacher
candidates’ ability to apply their subject matter knowledge; whereas, teacher candidates’
pedagogical content knowledge would help in addressing the third skill.
Purpose of Study
The purpose of this mixed-methods study was to determine the impact, if any, of the
examination of classroom artifacts on teacher candidates’ specialized content knowledge (SCK)
(Ball et al., 2008). Unique to this study was the use of classroom artifacts without focusing on
the development of PCK. The following quantitative research questions were posed. Null
hypotheses have been included for each question.
1. Does variation in type of classroom artifact produce a change in post-assessment
MKT score when controlling for pre-assessment MKT score?
Null Hypothesis: There is no significant difference in mean post-assessment MKT score by type
of classroom artifact (explanations, student work, both, or none) when controlling for preassessment MKT score.
2. Does the use of classroom artifacts predict performance on MKT measures?
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Null Hypothesis: There is no significant relationship between post-assessment MKT score and a
group of predictor variables including type of classroom artifact and pre-assessment MKT score.
In addition, the following qualitative question was posed: How does the use of different
types of classroom artifacts influence the discussions had by teacher candidates during an
elementary mathematics content course?
Significance of Study
Studies have shown that specialized content knowledge can be developed with in-service
teachers in professional development settings (Carpenter, Fennema, & Frank, 1996; Carpenter,
Fennema, Peterson, Chiang, & Loef, 1989; Carpenter, Franke, & Levi, 2003; Goldsmith &
Seago, 2008; Steele, 2008; van den Kieboom & Mageria, 2010; Van Zoest & Stockero, 2008). If
teacher candidates can develop this knowledge within a teacher preparation program, then these
teacher candidates will be better prepared as they enter their first year of teaching. Yet, there
exists a lack of research on developing MKT with teacher candidates through classroom artifacts
focusing only on children’s mathematical understandings and misunderstandings in mathematics
content courses where teacher candidates have no access to students. In this regard, this study
serves to inform teacher preparation programs.
Definitions
The following definitions are offered.
Artifacts of Practice
Artifacts of practice are “physical records that capture aspects of the work that happens
during mathematics lessons” (Goldsmith & Seago, 2001, p. xvii). Artifacts of practice may
include vignettes of classroom discussion, work or explanations of children’s solution or solution
processes, or videos of classroom discussion or children’s solution or solution processes.
5

Mathematics Content Course
Mathematics content course refers to the elementary mathematics content course that is
offered through the mathematics department. This content course covers elementary mathematics
content in grades Kindergarten through sixth grade (NCATE, 2009).
Mathematics Methods Course
Mathematics methods course refers to the elementary mathematics methods course that is
offered through the education department. This methods course covers elementary mathematics
pedagogy in grades Kindergarten through sixth grade (NCATE, 2009).
Mathematics Teacher Educator
Mathematics teacher educators are instructors who teach mathematics to teacher
candidates.
Teacher Candidate
Teacher candidates are undergraduate students who have been admitted into a teacher
education program ((NCATE, 2009).
Summary
In this chapter, I have briefly discussed the two frameworks of focus for this study:
Mathematical Knowledge for Teaching (MKT) and professional noticing of children’s
mathematical thinking. I have described the purpose, significance, and terminology for this
study. In the following chapter, a review of the literature will be provided.
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CHAPTER II: REVIEW OF LITERATURE
Introduction
Determining what knowledge is needed to become an effective mathematics teacher has
been described in a variety of documents (CBMS, 2001, 2012; Ma, 1999; NCTM, 2000; Sowder,
2007). Researchers at the University of Michigan developed a framework known as
Mathematical Knowledge for Teaching (MKT) (Ball et al., 2008). This framework defines “the
mathematical knowledge needed to carry out the work of teaching mathematics” (p. 395).
Researchers have focused on using children’s mathematical thinking as a tool for developing
MKT within methods courses in teacher preparation programs as well as in professional
development settings (Carpenter, Fennema, & Frank, 1996; Carpenter, Fennema, Frank, Levi, &
Empson, 1999; Carpenter, Fennema, Peterson, Chiang, & Loef, 1989; Carpenter, Franke, &
Levi, 2003; Goldsmith & Seago, 2008, 2011; Philipp, 2008; Romagano, Evans, & Gilmore,
2008; Steele, 2008; van den Kieboom & Mageria, 2010; van Zoest & Stockero, 2008).
Unfortunately, there is little research on the development of MKT in mathematics content
courses for teacher candidates (e.g., Morris, Hiebert, & Spitzer, 2009; Philipp et al., 2007).
Therefore, the focus of this literature review will be on MKT and how artifacts of practice (e.g.,
videos and student sample work) can be used to develop this knowledge within mathematics
content courses. In the following paragraphs, I will describe the domains of MKT, provide
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examples of how teachers can demonstrate this knowledge, describe how to measure this
knowledge, and finally explain ways of developing this knowledge.
Mathematical Knowledge for Teaching
Shulman (1986) categorized teacher knowledge as being both content and process. He
and his colleagues proposed that content knowledge could be separated into three categories:
subject matter content knowledge, pedagogical content knowledge, and curricular knowledge.
Shulman believed that teachers should have the same subject matter content knowledge as
someone that had a degree in that content. Not only should teachers know the same facts as these
professionals, but also they should know why these facts would be true. In addition to subject
matter content knowledge, Shulman described the construct of pedagogical content knowledge
(PCK), noting how content knowledge and the teaching of that content are intertwined. They
emphasized that teachers’ knowledge of the content was just as important as learning how to
teach that content. According to Shulman, PCK consists of teachers’ knowledge of students’
misunderstandings and understandings, how concepts are formulated, students’ prior knowledge,
and how different representations may be difficult for students to learn. Lastly, Shulman
described curricular knowledge as knowing the variety of materials that could be used to teach a
topic and the ways to use those materials to teach a topic.
Ma’s (1999) ideas aligned with Shulman’s description of teacher knowledge in that she
described teacher knowledge as consisting of subject matter knowledge and pedagogical content
knowledge. In her comparison of U.S. and Chinese teachers, Ma stated that Chinese teachers had
a profound understanding of fundamental mathematics and U.S. teachers did not have this same
level of understanding. Without this thorough understanding, a teacher’s pedagogical content
knowledge “could not make up for their lack of subject matter knowledge” (p. 71). According to
8

Ma, a teacher with a profound understanding of the mathematics would promote mathematical
connections between topics, accept multiple solution processes, and lay a foundation for future
mathematics. The type of teacher that Ma described would have an understanding of all
elementary mathematics, not just of one grade level.
Building upon the work of Shulman and Ma, the researchers at the University of
Michigan examined the practice of teaching. In considering the work of teachers, Ball et al.
(2008) used data gathered during the Mathematics Teaching and Learning to Teach Project to
create a framework that described the “knowledge needed to carry out the work of teaching
mathematics” (p. 395). This framework is known as Mathematical Knowledge for Teaching
(MKT). Shulman (1986) stated that the original categories needed to be more clearly defined. In
response to this need, Ball and her colleagues created a new domain that described a “special”
type of knowledge, separate from the knowledge of students and teaching, but specific enough
for the work of teaching.
Ball et al. (2008) provided subcategories to the two types of teacher knowledge that
Shulman and his colleagues reported: pedagogical content knowledge and subject matter content
knowledge. The domains of knowledge of content and students (KCS) and knowledge of content
and teaching (KCT), together, comprise the pedagogical content knowledge that Shulman and his
colleagues defined. However, Ball et al. (2008) placed what Shulman described as “curricular
knowledge” within the pedagogical content knowledge category, referring to it as knowledge of
content and curriculum (KCC). The domains of common content knowledge (CCK) and
specialized content knowledge (SCK), together, comprise the subject matter content knowledge
that Shulman and his colleagues defined. However, Ball et al. (2008) also decided to place what
Ma (1999) described as “horizontally arranged curriculum” (p. 117) within this subject matter
9

content knowledge category, referring to it as horizon content knowledge (HCK). Collectively,
these six domains constitute the MKT framework. In the following paragraphs, each domain is
described and examples are given to explain how the domains relate to the work of teaching.
Knowledge of Content and Students
KCS is “the knowledge of students and mathematics” (Ball et al., 2008, p. 401).
Teachers who have this knowledge know anticipated student responses. Having this knowledge
allows teachers to be able to determine what topics will be difficult for students to learn. For
example, teachers will have students that add numerators as well as denominators when adding
two fractions. This misconception is common for students and important for teachers to know
when teaching the concept of adding fractions.
Knowledge of Content and Teaching
KCT is the “knowledge of teaching and mathematics” (Ball et al., 2008, p. 401).
Teachers who have this knowledge know how to help students overcome misconceptions or how
to sequence topics. For the misconception described above, teachers need to know what tasks or
manipulatives or even what questions to ask that would help students to avoid this
misconception. If the misconception cannot be avoided, then the teacher could focus on a
particular student’s work or introduce another problem or example when discussing the
misconception.
Knowledge of Content and Curriculum
KCC is the knowledge of mathematics and curriculum. Teachers who have this
knowledge know how to use a variety of materials to teach mathematics. For example, teachers
use textbooks as a resource to teach the curriculum but not as the only resource. Teachers should
know the mathematics that they will teach based on the curriculum and not what is stated in the
10

textbook. For example, teachers should know that the addition and subtraction of fractions with
like denominators is a topic in the fourth grade as indicated in the Common Core State Standards
for Mathematics (CCSSI, 2010). However, the textbook may have lessons on the addition and
subtraction of fractions with like and unlike denominators. Therefore, a fourth grade teacher
would not teach the addition and subtraction of fractions with unlike denominators since this
topic is not introduced until fifth grade as indicated by the Common Core State Standards for
Mathematics (CCSSI, 2010).
Horizon Content Knowledge
HCK is the knowledge of “how topics are related over a span of topics” (Ball et al., 2008,
p. 403). This knowledge is needed by teachers to know how mathematical topics span over
several grade levels and how to develop a foundation of knowledge that will help that student
when they leave the classroom. This means teachers should know what knowledge students bring
to the classroom and the knowledge students should have before they move to the next grade
level and beyond (Ball et al., 2008). For example, when adding fractions with like denominators,
teachers should know that students have a foundation of modeling fractions before entering
fourth grade and teachers should know that students will add fractions with unlike denominators
when they leave their classroom. Understanding the addition of fractions also lays a foundation
for adding rational expressions, which is a standard in the conceptual category of algebra in the
high school curriculum (CCSSI, 2010). Therefore, these teachers need to provide the appropriate
foundation in order for this to occur.
Common Content Knowledge
CCK is the knowledge required to work any mathematics problem. This knowledge is not
specific to teaching, which means that anyone, regardless of his or her field of work, has some
11

level of this knowledge (Ball et al., 2008). For example, the knowledge of the procedures
required to add two fractions is not limited to the work of teaching. Carpenters, architects, and
other professionals need to have this same knowledge.
Specialized Content Knowledge
Unlike CCK, SCK is the mathematics content knowledge strictly used for the teaching of
mathematics. Where CCK involves knowledge of working a problem, SCK involves
mathematics knowledge needed to analyze unfamiliar student work, interpret errors with that
work, determine what problem context is appropriate, modify problems to make them easier or
more difficult, and know how to represent problems in a variety of ways. For example, teachers
need to know how to model the addition of two fractions with like denominators. This modeling
could involve a number line, manipulatives, or pictures. This knowledge builds on a conceptual
foundation already known by teachers, which enables them to make instructional decisions. This
type of knowledge also refers to teachers being able to make connections between different
solution processes that have been presented by students. Therefore, this knowledge is only used
within the setting of teaching (Ball et al., 2008).
It is not known how these domains relate to one another. Are all of these domains
distinct? Or are some domains embedded within another? With the adoption of the CCSSM, the
rigor of the mathematics that students will learn has increased (Student Achievement Partners,
2012). If students are expected to explain why algorithms work and their understanding of
certain topics (Fuson & Beckmann, 2012/2013), then some knowledge developed by teachers
that was once defined as SCK will likely now become CCK. Are there other aspects of SCK that
will become CCK? How will these domains be modified? Regardless of how this is decided,
researchers must have measures to assess teachers’ knowledge within these domains.
12

Developing MKT Measures
In 2001, researchers involved in the Study of Instructional Improvement created 138
items to pilot during the California Mathematics Professional Development Institutes. These
items belonged to one of five areas: knowledge of content in number concepts; knowledge of
content in operations; knowledge of content in patterns, functions, and algebra; knowledge of
content and students in number concepts; and knowledge of content and students in operations.
Items were assigned to three forms A, B, or C. Exploratory factor analyses allowed for
knowledge of content and knowledge of content and students in number concepts and operations
to combine, leaving three main categories (Hill, Schilling, & Ball, 2004). Hill et al. (2004)
“found that knowledge was somewhat domain specific” (p. 24) and that CCK and SCK were
distinct domains. Measures for knowledge of content had higher reliabilities than measures for
knowledge of content and students. Using these measures, Hill and Ball (2004) reported that
teachers can learn mathematics in a professional development program. The question remained,
however, were these results valid?
Validating MKT Measures
Since these original assessments were piloted, measures for other content areas have been
created. On these measures, each question is considered a stem, and stems can have one item or
multiple items. Hill, Dean, and Goffney (2007) engaged 27 teachers, 18 non-teachers, and 18
mathematicians in interviews after completing an MKT measure. This measure had 18 items
from eight stems of knowledge of content in number concepts and operations and five items
from one stem of knowledge of content in geometry. There also was one open-ended response
item and five common student error items of knowledge of content and students in number
concepts and operations. These researchers wanted to determine if the items reflected a teacher’s
13

knowledge rather than test-taking ability. They also examined whether teachers’ reasoning
reflected the domain knowledge needed to answer the item.
The researchers coded the interviews based on the type of justification. Hill et al. (2007)
found that inconsistencies happened in 8% of the responses. These inconsistencies included
correct responses with an incorrect justification or a correct justification with an incorrect
response. Inconsistencies were lower for the teachers’ content knowledge items than knowledge
of content and student items. The researchers determined that teachers’ answers reflected their
understanding, especially on the knowledge of content items, and that teachers used their
knowledge of mathematics to answer these questions. In contrast, teachers used both their
knowledge of mathematics and their knowledge of students to answer the knowledge of content
and students’ questions. Therefore, teachers used their appropriate domain specific knowledge to
answer MKT domain specific items (Hill, Dean, & Goffney, 2007).
Based on Ball and colleagues’ description of MKT, CCK is the knowledge to work a
problem. SCK is the knowledge needed to examine and interpret an unexpected student response
for the same problem. Lastly, KCS is needed to know an expected student response to the same
problem. Therefore, it would be understandable to ascertain that to have some level of KCS
means that the teacher also has experience with students. If these MKT measures are used with
teacher candidates, will teacher candidates have had experiences with students? The answer to
this question will vary depending on the program of study. However, if teacher candidates do not
have access to students, then these teacher candidates will likely be unable to provide meaningful
responses to KCS or KCT items. Based on the work of Hill, Dean, and Goffney (2007), however,
teacher candidates could use their content knowledge to answer these items. The question
remains, do teacher candidates have the content knowledge to answer KCS items?
14

Predictors of Success on MKT Measures
In the Learning Mathematics for Teaching (LMT) project, Hill (2010) assessed teachers
in four domains: CCK, SCK, KCS, and KCT. These items came from the number concepts and
operations content area, which the researcher justified by indicating that 50% of topics in
elementary schools belong to this content area. Researchers with the LMT project created items
so that teachers would accurately answer these items 50% of the time. Therefore, an average
teacher would answer 50% of the items correctly. This assessment included 37 stems totaling 65
items. Items were entered into item response theory (IRT) using BILOG 3.0 based on
correct/incorrect responses. Scores were normally distributed between -2 and 2 where higher
ability teachers would score higher and lower ability teachers would score lower. Percentages do
not map linearly to MKT domains; therefore, IRT scale scores were used (Hill, 2010).
Descriptors were collected from teachers, such as: grade level; years of experience;
leadership activity; content, methods, and professional development experiences; mode of entry
into teaching (teacher preparation program versus alternate route program); self-concept; and
instructional practices (self reported) in the classroom. Hill (2010) stated that some descriptors
had a significant relationship to MKT. These descriptors were grade level, experience, self
concept, leadership, and mathematics content courses. Teachers who taught fifth grade had
higher standard deviations above the mean than teachers who taught Kindergarten through fourth
grade. Rational number items made up a large portion of the exam, and teachers in these higher
grade levels would typically teach this content (Hill, 2010). Experience had a significant
relationship to MKT for teachers with more than 20 years of experience. Self concept refers to
the teachers’ self-reported content knowledge, ability to teach mathematics, and identity as a
master teacher. Self concept had a significant relationship to MKT for teachers with higher level
15

of self concept. The number of mathematics content courses had a slightly significant
relationship to MKT.
Using MKT Measures with Teacher Candidates
How does this information relate to teacher candidates? If the variables reported by Hill
(2010) predict teacher performance on MKT, then what variables would predict, if any, teacher
candidate performance on MKT? Of the predictors for teacher performance, the number of
mathematics content courses and self concept would be the only variables that would describe
teacher candidates. Furthermore, an average teacher would score a 0 on the range of -2 to 2. It
would stand to reason that teacher candidates would have a lower level of MKT than that of a
practicing average teacher. Therefore, a teacher candidate may have a standard deviation score in
the range of -2 to 0. With these issues of using the MKT measures with teacher candidates, how
would teacher candidates be assessed for their Mathematical Knowledge for Teaching?
MKT measures were developed with in-service teachers, and reliability was established
with this population. Would these measures be reliable with a different population? Gleason
(2010) found that in-service teachers had statistically higher MKT than teacher candidates and
that changing the population had a large effect on the reliability of the measures. Gleason stated
that each project that used the MKT measures would need to choose items appropriate for
teacher candidates and that reliability should be found for each project. However, a large number
of teacher candidates would be needed for this process to occur. With limited numbers of teacher
candidates, how do mathematics educators determine which items to use to assess teacher
candidates’ MKT?
Matthews, Rech, and Grandgenett (2010) used previously created MKT number concepts
and operations (NCOP) and geometry (G) forms with teacher candidates. They found that
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teacher candidates who attended mathematics elementary content courses designed specifically
for conceptual understanding and focused on SCK had significantly higher MKT than teacher
candidates in traditional college mathematics courses. On the geometry forms, they found that
teacher candidates had slightly more knowledge than an average teacher. Do these findings mean
researchers can use entire MKT forms? In their comparison of MKT measures and Diagnostic
Teacher Assessments in Mathematics and Science (DTAMS), another widely used assessment,
Copur-Gencturk and Lubienski (2012) advised that MKT measures were designed to measure
SCK, whereas DTAMS were designed to measure CCK with the exception of the PCK openended items. It stands to reason that if mathematics content courses are designed to develop
SCK, then the MKT measures would be appropriate to measure teacher candidates’ MKT. How,
then, are these mathematics content courses designed to develop SCK?
Developing MKT
In 2000, the National Council of Teachers of Mathematics (NCTM) (2000) released a
document titled Principles and Standards for School Mathematics. In this document, NCTM
stated that K-12 students should develop both conceptual understanding and procedural skills.
For a student to develop this understanding and skills, they should be engaged in the following
process standards: problem solving, representations, reasoning and proof, communication, and
connections (NCTM, 2000). Using these process standards to teach mathematics is often referred
to as standards-based instruction. If students can develop understanding and skills with these
standards, then so should teacher candidates. In the following paragraphs, I will describe teacher
candidates’ pre-existing knowledge, mathematics content courses, and professional noticing of
children’s mathematical thinking.
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Pre-existing Knowledge
Teacher candidates enter preparation programs with a certain level of CCK; however, this
knowledge is primarily procedural knowledge (Ball, 1990; Forrester & Chinnappan, 2011; Ma,
1999; Muir & Livy, 2012; van den Kieboom & Magiera, 2010). The conceptual understanding
that teacher candidates have, if any, is superficial (Newton, 2008). Their conceptual knowledge,
and in some cases procedural knowledge, is insufficient in regards to teaching mathematics (Ma,
1999). CCK consists of both procedural and conceptual understanding, and teachers need both to
teach mathematics to students (Ma, 1999; Shulman, 1986). In some instances, teacher
candidates’ pre-existing levels of CCK and the design of teacher preparation programs hinder the
potential for teacher candidates to develop SCK and PCK (Norton, 2012). What type of
mathematics courses, then, do teacher candidates need in order for them to develop MKT?
Mathematics Content Courses
Since teacher candidates enter preparation programs with pre-existing knowledge,
Thanheiser and colleagues (2010) suggested building from this knowledge and focusing on the
ideas that teacher candidates create within these mathematics courses. Researchers suggested
creating a classroom environment where teacher candidates are engaged in the process standards
(Dixon, Andreasen, & Stephan, 2009; Superfine & Wagreich, 2009; Thanheiser et al., 2010; van
den Kieboom & Magiera, 2010). Engaging teacher candidates in these process standards allowed
mathematics teacher educators to model the style of teaching that the teacher candidates should
use in their future classrooms (Thanheiser et al., 2010).
Environment established. Research has demonstrated, repeatedly, the positive impact
that standards-based curricula and instruction have on student achievement (Fillingim, 2010;
Fuson, Caroll, & Druek, 2000; McGaffney et al., 2001; Reys, Reys, Lapan, Holiday, & Wasman,
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2003). Teacher candidates are different, however, because they are re-learning the mathematics
(Zazkis, 2011), and often times the procedural knowledge that teacher candidates have poses an
obstacle for the development of a conceptual understanding (Norton, 2012; van den Kieboom &
Magiera, 2010). If teacher candidates are able to re-learn mathematics at a much deeper level
using these standards-based curricula, then it seems a logical conclusion that these teacher
candidates will develop a conceptual understanding of the mathematics that they will eventually
teach.
If teacher candidates are engaged in the process standards, certain classroom expectations
must be established. In a standards-based classroom, these expectations typically include that
teacher candidates “develop meaningful solutions to problems, explain and justify solutions and
solution processes, attempt to make sense of other’s solutions and ask questions or raise
challenges when there are misunderstandings or disagreements” (Dixon et al., 2009, p. 44-45).
These expectations are established so that teacher candidates can appropriately communicate
about the mathematics and provide detailed explanations. These types of classrooms will allow
for teacher candidates to become the learning authority, which means that they will be
responsible for their own learning (Dixon et al., 2009). Teacher candidates will become
independent thinkers and reflective learners. Since mathematics teacher educators cannot
possibly teach everything that teacher candidates will need to know in mathematics content
courses, teacher candidates who are able to develop these skills will know how to handle new
and different content (Thanheiser et al., 2010).
Worthwhile tasks. An important skill for teachers and teacher candidates to master is the
ability to unpack the mathematics within a task (Morris, Hiebert, & Spitzer, 2009). The
mathematical goals embedded within a task will inform teachers and teacher candidates of
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anticipated student responses, which will impact instruction. In order to enhance the SCK needed
to unpack the mathematics, teachers and teacher candidates must be engaged in cognitively
demanding tasks (Kazemi et al., 2009; Lenges, 2010; Suzuka et al., 2009). Lenges (2010)
discovered that teachers who engaged in cognitively demanding tasks were better prepared to
develop cognitively demanding tasks. These same teachers could draw upon their experience
with students to develop specific goals within their lessons. Therefore, teachers had the tools
necessary to go from being learners of mathematics to preparers of mathematics (Lenges, 2010).
In contrast with teachers, teacher candidates are not as successful in this transition from
learners of mathematics to preparers of mathematics (Romagnano et al., 2008). Romagnano et al.
(2008) found that teacher candidates had difficulties anticipating student responses and planning
lessons, because the teacher candidates had little KCS and KCT. Teacher candidates’ low level
of knowledge in KCS and KCT was somewhat expected since their experience with students was
very limited in a preparation program. Romagnano et al. (2008) suggested that teacher
candidates should observe the teaching of mathematics or watch how other people solve
mathematics in order to increase knowledge in these two domains. Therefore, examining and
interpreting student work (SCK), can potentially act as a vehicle to develop teacher candidates’
KCS and KCT.
Artifacts of practice. Carpenter et al. (1989, 1996) developed a program that was
designed to engage teachers in examining children’s thinking. These researchers found that using
children’s thinking increased teachers’ understanding of mathematics and teachers were more
likely to build instruction from students’ thinking. Teachers’ increased KCS led to a questioning
of their KCT. These teachers adapted their KCT to address KCS, which meant that teachers were
more likely to encourage a variety of problem-solving strategies.
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Similarly, Philipp et al. (2007) explored teacher candidates’ inspection of children’s
mathematical thinking within an integrated mathematics content course. Teacher candidates were
enrolled in sections that emphasized one of the following: watching videos of children's
mathematical thinking; working directly with children to observe children's mathematical
thinking; observing purposefully selected mathematics teachers' classrooms; observing
conveniently selected teachers' classrooms; and experiencing no observational component in the
course. Philipp et al. (2007) noticed that the teacher candidates who were enrolled in the
children’s mathematical thinking sections had more gains in mathematics knowledge. Similarly,
these teacher candidates were able to develop more sophisticated mathematics. If examining
children’s mathematical thinking increased teacher candidates’ mathematics content knowledge,
would examining these artifacts increase teacher candidates PCK?
Morris et al. (2009) investigated teacher candidates’ ability to unpack mathematics and to
develop goals for lesson planning. Morris and colleagues observed that teacher candidates had
limited opportunities to develop KCS and KCT in their mathematics content courses. Teacher
candidates were given four tasks: anticipating an ideal student response, evaluating a student’s
incorrect response, evaluating a student’s correct response, and analyzing a classroom lesson.
Anticipating an ideal student response drew upon the teacher candidates’ KCS. Morris and
colleagues found that the teacher candidates could identify subconcepts, but could not construct
an ideal response. Evaluating a student’s incorrect/correct response drew upon the teacher
candidates’ SCK. Morris and colleagues stated that teacher candidates were more likely to
unpack the mathematics if something was wrong with the student work. Teacher candidates had
the most difficulty when analyzing a classroom lesson, which relied upon the teacher candidates’
KCT. Morris et al. (2009) observed that teacher candidates who had experience unpacking
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mathematics goals were more likely to unpack them in supportive contexts such as when
inaccuracies occur.
Using artifacts with teacher candidates. Teacher candidates have the ability to develop
CCK, SCK, KCS, and KCT within a mathematics content course (Morris et al., 2009).
Mathematics teacher educators should make connections between these domains explicit
(Thanheiser et al., 2010). Philipp (2008) hypothesized that allowing teacher candidates to reflect
on children’s mathematical thinking enabled the teacher candidates to focus more on the
mathematics in the content of teaching. Philipp described a sequence that he suggested will allow
teacher candidates to develop a reflective stance of mathematics. The sequence is as follows:
1. Teacher candidates solve the problem in two ways.
2. Teacher candidates consider children’s thinking.
3. If the child’s written work is available, teacher candidates are shown the work and are
asked to analyze it.
4. If video is available, teacher candidates view the video and explain the child’s
reasoning.
5. Teacher candidates compare their own solutions with the child’s solution.
6. Teacher candidates considered implications for mathematics, teaching, and learning
(p. 22).
Philipp’s sequence addresses the four domains described above: step 1 – CCK and SCK; steps 25 – SCK and KCS; and step 6 – KCS and KCT. While exploring these artifacts, teachers and
teacher candidates progress through levels of noticing children’s mathematical thinking (Jacobs,
Lamb, & Philipp, 2010).
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Professional Noticing of Children’s Mathematical Thinking
Jacobs, Lamb, and Philipp (2010) studied different levels of experienced teachers and
examined their ability to identify student strategies and student understanding. From the study,
the researchers claimed that teachers were more likely to notice and understand children’s
strategies for solving problems when they had more experience in teaching and attending
professional development with leadership activities (Jacobs et al., 2010). Jacobs et al. (2010)
proposed that professional noticing of children’s mathematical thinking consists of three skills:
“Attending to children’s strategies, interpreting children’s understandings” (p.172), and
“deciding how to respond on the basis of children’s understandings” (p. 173).
It is unclear whether teacher candidates will likely use these same skills when noticing
children’s mathematical thinking. Teacher candidates who attend to children’s strategies would
be able to describe explicitly what that student has done. Teacher candidates who interpret
children’s understandings would be able to describe the students’ understanding and
misunderstandings about mathematics. Both of these skills utilize teacher candidates’ SCK.
Since teacher candidates within a mathematics content course have little to no experience with
children, these student responses may be unfamiliar to teacher candidates. However, after
examining this work, teacher candidates may start to develop expectations for students.
Therefore, teacher candidates may initially use their SCK to examine the artifact, but retain this
knowledge as KCS in any future dealings with this content. Teacher candidates who decide how
to respond on the bases of children’s understandings may be able to make decisions for their
instruction; hence, teacher candidates would develop KCT.
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Conclusion
The primary reason for developing MKT in teacher preparation programs is to give
teacher candidates the tools needed to become effective teachers. Creating supportive contexts
allows for these learning opportunities to occur. These supportive contexts, as described by
Morris et al. (2009) and Sowder (2007), are created with the use of classroom artifacts. Teacher
candidates are likely to develop the skills to notice children’s mathematical thinking within
mathematics content courses where teacher candidates have little to no experience with students.
However, research to date has not definitively demonstrated this development. In the next
chapter, the methodology for this study will be described.
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CHAPTER III: METHODOLOGY
Introduction
As researchers continue to understand how children learn (CCSSI, 2010; Hiebert, 2003;
NCTM, 2000; National Research Council, 2001), teacher candidates also will need to understand
how children learn and think (Ball et al., 2008). In order to facilitate this understanding with
teacher candidates, mathematics teacher educators can use classroom artifacts to focus
discussions (Jacobs et al., 2010; Philipp, 2008). This study aimed to use classroom artifacts with
teacher candidates in an elementary mathematics content course to focus on children’s
understandings and misunderstandings of mathematics. The following chapter describes the
research context for the elementary mathematics content course, population and sample,
instruments, design, and data analysis of the study.
Research Context
The elementary mathematics content course of interest in this study was taught at a small
southeastern public, four-year university. The purpose of this mathematics content course was to
develop elementary mathematics content knowledge in teacher candidates. The content course
underwent a redesign in fall 2011 to be aligned with the Common Core State Standards for
Mathematics (CCSSI, 2010). Content in this course spanned concepts from grades Kindergarten
through sixth grade. In every section of the course, instructors taught using standards-based
methods. These methods included engaging teacher candidates in the process standards to
develop a conceptual understanding of mathematics (NCTM, 2000).
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In this content course, instructors focused all discussions around mathematics rather than
pedagogy. Pedagogical discussions solely took place within the teacher candidates’ senior
elementary mathematics methods course. The instructors for the content course, however,
modeled the pedagogy about which the teacher candidates would learn in their methods course.
Given that the course was designed around working problems, critiquing others’ work, and
discussing accuracies/inaccuracies of that work, the content course held the potential to develop
specialized content knowledge in teacher candidates.
Each semester, the university offered multiple sections of the content course. To insure
that all teacher candidates received the same instruction, instructors in all sections used the same
lesson plans and met weekly to discuss class sessions and instructional changes for the following
week. The instructors wrote lesson plans with great detail, including possible teacher candidate
responses and questions to help facilitate discussions (see Appendix A). Therefore, every teacher
candidate received nearly the same instruction regardless of the section enrolled with differences
possibly resulting from teacher candidates’ questions and observations. The content course
consisted of three units of instruction: problem solving/whole numbers and their operations,
modeling rational numbers, and rational numbers and their operations. This research focused on
the latter two units.
Population and Sample
I selected the sample for this study from teacher candidates enrolled in the previously
described elementary mathematics content course taught during the fall 2012 semester. Teacher
candidates who enrolled in this course were elementary education majors, special education
majors, or content majors with minors in education. For the purpose of this study, I only
considered elementary education majors when selecting the sample. The class rolls for each
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section displayed the majors for each teacher candidate. Table 1 provides the demographic
information for each section. Based on these demographics, most of the teacher candidates were
white females with elementary education majors.

Table 1
Number of Teacher Candidates by Descriptor and Section
Sections
Demographics

A
(n = 28)

B
(n = 31)

C
(n = 29)

D
(n = 25)

Total
(N = 113)

Gender
Male
0 (0%)
1 (3.23%)
1 (3.45%)
4 (16%)
6 (5.31%)
Female
28 (100%)
30 (96.77%)
28 (96.55%)
21 (84%)
107 (94.69%)
Ethnicity
White
23 (82.14%)
28 (90.32%)
22 (75.86%)
17 (68%)
90 (79.65%)
Afri. Am.
5 (17.86%)
3 (9.68%)
5 (17.24%)
6 (24%)
19 (16.81%)
Othera
0 (0%)
0 (0%)
2 (6.9%)
2 (8%)
4 (3.54%)
Major
EE
25 (89.29%)
26 (83.87%)
29 (100%)
18 (72%)
98 (86.73%)
SpE
1 (3.57%)
3 (9.68%)
0 (0%)
3 (12%)
7 (6.19%)
Other
2 (7.14%)
2 (6.45%)
0 (0%)
4 (16%)
8 (7.08%)
Classification
Freshman
0 (0%)
0 (0%)
0 (0%)
0 (0%)
0 (0%)
Sophomore 18 (64.29%)
17 (54.84%)
11 (37.93%)
12 (48%)
58 (51.33%)
Junior
6 (21.43%)
7 (22.58%)
14 (48.28%)
9 (36%)
36 (31.86%)
Senior
4 (14.29%)
7 (22.58%)
6 (20.69%)
4 (16%)
21 (18.58%)
Note: A, B, C, and D were the four sections: both, explanations, work, and none, respectively.
Afr. Am. denotes African American teacher candidates; EE denotes elementary education
teacher candidates; SpE denotes special education teacher candidates.
a
Other denotes ethnicities other than white and African American.
All four sections during the fall 2012 semester had a combined total of 115 teacher
candidates, 109 females, and six males. Two teacher candidates declined to be a part of this
study. These teacher candidates sent an email to me declining their involvement on October 1,
2012, and October 9, 2012. Additionally, there were 15 teacher candidates who were not
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Elementary Education majors. Therefore, there were 98 teacher candidates, 92 females and six
males who were potential participants in this study. The researchers from the Learning
Mathematics for Teaching (LMT) project created the content assessments used in this study and
reported an effect size of 0.3 in the second year of the project. Using G Power, the suggested
sample size for this study was 278 teacher candidates with the same effect size of 0.3, alpha of
0.05 and power of 0.8. The total number of potential participants was approximately 35.3% of
the suggested sample size. Therefore, the suggested sample size was not obtained due to the lack
of elementary education teacher candidates enrolled in the course. Teacher candidates enrolled in
a similarly designed elementary mathematics content course represented the population for this
study.
Instruments
I used four instruments to collect data in this mixed-methods study. The instruments
included Mathematical Knowledge for Teaching (MKT) measures, reflection questions,
interview questions, and the researcher. In the following paragraphs, each of these instruments is
described and an explanation is provided regarding why each instrument was chosen.
MKT Measures
The Learning Mathematics for Teaching (LMT) project developed MKT measures for
elementary and middle school content. The MKT measures were designed to assess four
domains from the MKT framework: common content knowledge (CCK), specialized content
knowledge (SCK), knowledge of content and teaching (KCT), and knowledge of content and
students (KCS) (Hill, 2010).
For the purpose of this study, I collected data during the second and third units of the
course. These two units involved rational numbers; therefore, I used the rational numbers
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assessments to measure content knowledge. Based on the released documents from the LMT
project, the rational numbers measure contained knowledge of content items (LMT, 2008). A
mathematics teacher educator who was involved in the development of the MKT measures
classified each stem as either CCK or SCK to determine face validity with respect to the MKT
domains (Gall, Gall, & Borg, 2007). Stem labels can be found in Appendix B. For the preassessment, there were 13 SCK stems, one CCK stem, and three CCK/SCK stems. For stem 10,
participants could solve the questions using their CCK; however, determining the type of word
problem that would match an expression is SCK. For the post-assessment, there were 12 SCK
stems, two CCK stems, and two CCK/SCK stems. Similarly, for stems nine and 12, participants
could solve these questions using their CCK; however, determining the type of word problem
that would match an expression is SCK.
There were a total of 33 stems on the assessments, 17 stems on the pre-assessment and 16
stems on the post-assessment. Pre- and post-assessments contained two types of multiple-choice
stems. The first type of stem contained one item. The first example in Appendix C is an
example of this type of stem. The participants were required to circle only one letter that best
answered the question. The second type of stem consisted of multiple items. The second
example in Appendix C is an example of this type of stem. The participants were required to
circle the best option that answered each item. There was a total of 32 items on both
assessments. The actual assessment stems are not provided in the appendix because of the user
agreement with the LMT project.
In considering the selection of the MKT measures, one other test was available for
potential use, the DTAMS (Saderholm, Ronau, Brown, & Collins, 2010). Copur-Gencturk and
Lubienski (2012) compared MKT measures and the DTAMS, which measured mathematics
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content and pedagogical content knowledge in teacher candidates. Both of these assessments
were originally designed for use with in-service teachers. These researchers found that the MKT
measures could effectively measure content knowledge in teacher candidates who are taught in
content courses that focus on conceptual understanding. The mathematics content course in this
study focused on developing conceptual understanding; therefore, using MKT measures to assess
teacher candidate knowledge was acceptable.
In addition to the successful use during content courses that focused on conceptual
understanding, MKT measures were selected based on reliability and validity testing in
developing those assessment items with in-service teachers (Hill et al., 2007). The reliability for
the rational numbers pre-assessment was 0.86 and the rational numbers post-assessment was
0.87. Although the present study involved teacher candidates, I elected to use the MKT measures
given that these measures were successful at assessing MKT knowledge in content courses
designed to develop conceptual understanding, since the course of interest was designed to also
develop conceptual understanding in teacher candidates.
To determine face validity (Gall, Gall, & Borg, 2007), a mathematician, who was an
instructor of one of the sections of the elementary mathematics content course, reviewed all of
the items on both assessments. The instructor was asked to determine if the content assessed in
the items was discussed during these two units. For both assessments, the mathematician labeled
each stem in one of three ways: directly taught content assessed (A), taught related content
assessed (B), or did not teach content assessed (C).
For the 17 stems on the pre-assessment, five were labeled A, six were labeled B, and six
were labeled C. These numbers amounted to 12 A items, eight B items, and 12 C items. For the
16 stems on the post-assessment, eight were marked A, five were marked B, and three were
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marked C. These values involved 17 A items, eight B items, and eight C items. Therefore,
teacher candidates should have been successful in answering 64.71% and 81.25%, respectively
on stems for each assessment. Based on this review, I determined that these assessment items
were appropriate for these teacher candidates.
Reflection Questions
In addition to the MKT measures, teacher candidates responded to reflection questions. I
created the reflection questions based on the first two levels of the professional noticing of
children’s mathematical thinking framework (Jacobs et al., 2010). General reflection questions
can be found in Appendix D. These questions were slightly modified based on the artifact being
examined. The reflection questions helped to determine if the participants could describe
children’s solution processes and identify children’s mathematical understandings and
misunderstandings.
Interview Questions
Following each artifact discussion, I interviewed participants. Each interview was
completed with a protocol that can be found in Appendix E. These interviews allowed
participants to further reflect on their responses to the reflection questions. I asked participants
questions three and four for teacher candidates to discuss their KCS and KCT.
Researcher as Instrument
As a researcher and instructor for one section of the elementary mathematics content
course, I will provide my background and discuss potential biases as an instrument in this study
in the following paragraphs.
Background. I am currently enrolled in a Doctor of Philosophy program in secondary
education with an emphasis in mathematics. I hold bachelor’s and master’s degrees in
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mathematics and a bachelor’s degree in physics. As an undergraduate and graduate fellow, I have
worked for a mathematics and science education center since October 2007, which has provided
opportunities for me to grow as a student, educator, and researcher.
I have a strong background in quantitative analyses having taken five statistics courses
throughout my college career. My background in qualitative research is limited, however, to one
qualitative research course. In order to develop my qualitative analysis skills, I read literature
about qualitative analysis and worked to improve my coding skills by taking previously coded
data and coding it myself. In addition, I sought the guidance of qualitative researchers throughout
the analysis process.
As for my experience as a college instructor, I have observed the elementary mathematics
content course since fall 2008 and taught this course since summer 2009. During the 2011-2012
academic year, I worked with a team of instructors to redesign the content course to align with
CCSSM standards. One of my responsibilities as a member of the course team was to create
lesson plans for this course that matched our ideas from the planning meetings.
Personal bias. “Any credible research strategy requires that the investigator adopt a
stance of neutrality with regard to the phenomenon under study” (Patton, 2002, p. 51). As a
researcher and instructor for the content course, I am aware that certain biases were present
during the study because of my previous work with the course and past experiences with teacher
candidates. Teacher candidates entered the course with their own experiences and knowledge.
Some of my expectations for these teacher candidates may have been similar to previous teacher
candidates who I have taught. However, I was attentive throughout the study that some
participants may not have had similar backgrounds and knowledge as the teacher candidates who
I had taught previously. I made sure that my expectations and beliefs were not imposed on these
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participants. To verify that my biases did not impact my coding, I had a group of graduate
students and mathematics teacher educators code a transcript for one artifact. I compared their
codes to mine for cross-checking.
Design
To compare mathematics knowledge as measured by the MKT measures by type of
classroom artifact, a mixed-methods, quasi-experimental design was employed. This comparison
was used to determine whether MKT post-assessment scores can be predicted based on type of
classroom artifact and MKT pre-assessment scores. In the following sections, a description of
each section and artifact, the procedures, research questions, and hypotheses for this study are
described.
Section descriptions
A different instructor taught each section of the elementary mathematics content course.
Sections A, B, C, and D referred to the four sections of the elementary mathematics content
course in this study. Sections A, B, and C received a treatment method and section D was the
control section in this study. In the following paragraphs, the treatment that each section
contained and the background of each instructor will be described.
Section A (Both Section). The coordinator of the elementary mathematics content course
was the instructor for this section. This instructor, Dr. Simpson (a pseudonym), had a Doctor of
Philosophy in mathematics and was the associate director of a mathematics and science
education center located at the small southeastern public, four-year university. Dr. Simpson had
taught this course since fall 2008. Section A received both types of classroom artifacts. That is to
say, participants in this section watched videos or read vignettes/explanations and examined the
corresponding sample work.
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Section B (Explanations Section). The instructor for section B was a professional
development coordinator at the same mathematics and science education center as Dr. Simpson.
Dr. Jefferson (a pseudonym) had a Doctor of Philosophy in secondary education with an
emphasis in mathematics. She was also certified to teach mathematics in grades seven through
12 with five years of teaching experience. Dr. Jefferson had taught this course since spring 2009.
Section B received only student explanations either in written or verbal form. This section
listened to the same videos or read the same explanations as section A.
Section C (Work Section). The instructor for section C was a graduate fellow with the
same mathematics and science education center as the two instructors above. Ms. Montgomery
(a pseudonym) had a Master’s degree in education. She was also certified to teach mathematics
in grades seven through 12 with three years of teaching experience. Ms. Montgomery had
observed the course for one semester and periodically taught lessons throughout that semester.
This course was the first experience of teaching college courses for Ms. Montgomery. Section C
received student sample work either in the form of pictures or calculations, sometimes both. This
sample work came from the videos/vignettes/explanations used in this study.
Section D (None Section). I served as the instructor for section D. I have provided my
background in an above section. This section was the control for the study. These participants
did not receive any treatment.
Artifacts of Practice
The instructors of sections A, B, and C gave six artifacts to their teacher candidates: three
in unit two and three in unit three. A summary of all six artifacts that were given to section A
can be found in Table 2. In the following paragraphs, all six artifacts will be described. I also
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will describe the children’s mathematical understandings and misunderstandings associated with
each artifact.

Table 2
Descriptions of the Classroom Artifacts for Section A
Artifact

Description

Topic

Source

1.Written
explanations with
work

Three student explanations for
shading unit fractions with
pictures

Unit Fractions

[originally
created]

2. Video clip 384
& work

Video of female student
comparing five pairs of fractions
and redrawn work

Comparing
Fractions

Philipp et al.,
2012

3. Vignette with
work

Vignette of sixth graders shading
6 squares and determining the
percentage that was shaded.

Determining
Percentage

Stein et al., 2009
[modified]

4. Video Clip
329 & work

Video of female student solving
an addition expression and
redrawn work

Fraction
Addition

Philipp et al.,
2012

Vignette of student modeling with
pattern blocks

Fraction
Multiplication

Barlow, 2007a;
Stein et al., 2009
[modified]

5 Vignette with
work

6 Written
One explanation of a student
Fraction
Barlow, 2007b
explanation with
solving a word problem.
Division
[originally
work
created]
Note: Artifacts presented to section B were similar except the student work was not present
and videos were listened to and not watched. Artifacts presented to section C were the student
work found in the artifacts from section A.
Artifact one. The task featured in artifact one involved a fraction task that required
students to create representations of

1 1 1
1
, , , and
using paper strips already marked in
2 3 4
6

twelfths. In order to represent children's mathematical thinking related to this task, I created three
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fictitious representations of students’ work for the task. I wanted one of the works to have an
inaccuracy, and the other two to use different ways to represent fractions: part-whole and ratio.
The inaccuracies and folding method for creating the part-whole representations were based on
my previous work with teacher candidates.
Student one used a folding method to create each fraction representation. Student one
interpreted the denominator of each fraction to be the number of equal-sized parts within the
whole. The numerator represented the number of those equal-sized parts that needed to be
shaded. This student had a part-whole understanding of fractions. Student one’s work and
explanation can be found in Figure 1.

Figure 1. Student one’s explanation and work for artifact one.
Student two may have had an understanding of half, but based on the other fraction
representations, this student did not recognize that half and one-sixth should not have been the
same. For one-third, one-fourth, and one-sixth, student two shaded the same number of twelfth
parts as the number in the denominator of the fraction (Figure 2).
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Figure 2. Student two’s explanation and work for artifact one.
Student three had a ratio understanding of fractions. For example, student three shaded
one out of every two parts and iterated this shading for the length of the whole. These fractions
were easily represented on this whole using this method, because the whole was divided into 12
parts (Figure 3).

Figure 3. Student three’s explanation and work for artifact one.
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For artifact one, section A examined all three figures, section B received only the
explanations from all three figures, and section C looked at only the pictures of the fraction
representations from all three figures.
Artifact two. The task featured in artifact two involved a fraction problem that required a
student to compare five pairs of fractions. For each pair, the student had to determine which
fraction was larger and circle that fraction. If a fraction pair was equivalent, then the student had
to place an equal sign between the two fractions. In order to represent children’s mathematical
thinking related to this task, I used a video from Integrating Mathematics and Pedagogy (IMAP)
(Philipp, Cabral, & Schappelle, 2012). I chose this video because it contained student
inaccuracies.
For fraction pair one, comparing

1
1
and , the student explained this comparison by
6
8

describing breaking a candy bar into pieces. She thought the

fraction pair two, comparing

1
pieces would be smaller. For
8

1
2
1
and , the student initially circled . Afterwards, she stated
7
7
7

that she made a mistake because

2
4
seemed larger. For fraction pair three, comparing one and ,
7
4

the student stated that one was larger because it represented the entire whole. For fraction pair
four, comparing

3
1
1
and , the student thought was bigger because the whole was only cut
6
2
2

once. For fraction pair five, comparing

4
and one, the student stated that one was larger because
3

it was the entire whole.
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Based on her explanations, the student had some understanding of dividing a whole into
parts. However, she had more misunderstandings than understandings. The student appeared to
believe that all fractions, proper and improper, are less than one based on fraction pair five. She
did not provide evidence of understanding equivalent fractions, based on her response to fraction
pairs three and four. Even though she changed her response to fraction pair two, her vague
explanation did not lead to a determination of what she understood for comparing fractions with
the same denominator.
The video was played twice for sections A (Both) and B (Explanations). Section A (Both)
viewed the video in addition to receiving a copy of the student’s work. Figure 4 contains the
student work given to the teacher candidates in section A.

Figure 4. Student work recreated from video for Section A.
Section B (Explanations) listened to the video twice without viewing the student work.
Section C (Work) received the recreated work from the IMAP video. Since the teacher
candidates were not allowed to view or listen to the video, I added additional comments to the
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artifact that reflected the student’s comments. The student work with additional comments can be
found in Figure 5.

Figure 5. Student work recreated from video for Section C.
Artifact three. Artifact three involved a percentage task that required students to shade
six squares in a 4 x 10 rectangle. After shading the six squares, the students were to determine
the percentage of the rectangle that was shaded. In order to represent children’s mathematical
thinking, I created a vignette based on the Case of Ron Castleman (Stein, Smith, Henningsen, &
Silver, 2009). At the beginning of the vignette, some of the students stated that the six squares
represented six percent. Mr. Castleman responded to this statement by asking the students with
this misunderstanding how many squares were in the entire rectangle. After the first pair of
students, Jalessa and Rachel, presented in the vignette, one of the students in the class thought
that 100% was the same thing as 100. These misunderstandings were the only misunderstandings
in the entire vignette. Section A (Both) received the entire vignette, which included explanations
and the student work. Section B (Explanations) received the vignette without the work. Section C
(Work) received only the work found in the vignette.
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For Jalessa and Rachel’s work, these two students shaded six random squares within the
rectangle (Stein et al., 2009, p. 53). Rachel explained that there were 40 squares in the rectangle
and that each square was worth two and a half percent. Their method of randomly shading the six
squares led to a method where these students would have to find the percentage of each square.
They multiplied this percentage by the number of squares to get the total percentage shaded,
15%. Jalessa and Rachel understood that each square should have the same percentage within the
whole.
The second group to present in the vignette, Omar and Marcus, created a 2 x 3 rectangle
in the top left corner of the 4 x 10 rectangle and wanted to know how many of the 2 x 3
rectangles would fit into the entire rectangle (Stein et al., 2009, p. 45). These two students were
able to create six 2 x 3 rectangles: two to the right of the original six squares that were shaded
and three directly below the top three smaller rectangles. All six rectangles filled nine of the 10
columns. Omar and Marcus understood that each column would represent 10% since there were
10 columns. Similar to Jalessa and Rachel, Omar and Marcus understood that the six smaller
rectangles would share the same percent within the 90%. Therefore, these students divided 90%
among the six rectangles and found that each rectangle represented 15%.
Similar to Omar and Marcus, Tim and Daniel, the last group to present in the vignette,
understood that each column represented 10%. Tim and Daniel shaded the first column on the
left and two squares at the top of the next column (Stein et al., 2009, p. 53). Using this
understanding, Tim and Daniel stated that the half column would also have half of a column’s
percentage, which would be 5%. These students added these two percentages together to get
15%.
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Artifact four. The task featured in artifact four involved a fraction problem that required
a student to add two fractions in the form of an expression. This problem did not include a
problem context. In order to represent children’s mathematical thinking, I used a video from
IMAP (Philipp et al., 2012). I chose this video because of the way the student shaded each
fraction. Instead of shading the value of the fraction within the whole, the student shaded the
leftover part for each fraction. For this task, the student had to draw a picture to represent

3 1
 .
4 2

She chose to represent these fractions with circles. This student had a part-whole understanding
of fractions. In the video, the student recorded a large one and a smaller three beside it. She
marked out the three and placed a

1
. However, she did not explain why this occurred.
4

After administrating the video for artifact two, I made the decision to give sections A
(Both) and B (Explanations) a transcript of the video insuring that the teacher candidates in these
two sections would have an account of what happened in the video. For section A (Both), the
teacher candidates watched the IMAP video. For section B (Explanations), the teacher candidates
listened to the video. I recreated the work from the video and sections A (Both) and C (Work)
received the student work found in Figure 6.
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Figure 6. Student work recreated from video for artifact four.
Artifact five. The task featured in artifact five involved a fraction problem that required
students to represent

1
1
of using pattern blocks. In addition to the representation, the students
2
3

were required to record a number sentence that would describe the action of the problem. In
order to represent children’s mathematical thinking, I created a vignette adapted from the Case of
Fran Gorman and Kevin Cooper (Stein et al., 2009) and previous teacher candidates’ responses
to Mary’s Casserole (Barlow, 2007a). In the case, students had to use two yellow hexagons
joined together as the whole. I made no such requirements for the whole; I created student work
where the whole was one yellow hexagon. Using this whole, two separate representations were
created: one that represented

1
1
1
1
of (Figure 7) and one that represented of (Figure 8). The
2
3
3
2

later representation was a common misconception that arose from teacher candidates while
working Mary’s Casserole.
After administrating the vignette for artifact three, I made the decision to give section C
(Work) a vignette that included the problem and set up for the class discussion. However, the
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vignette did not include the actual class discussion or individual explanations. Section B
(Explanations) received the vignette that excluded the work, which can be found in Figure 7 and
Figure 8. Section A (Both) received the vignette with both explanations and work.
The first student to present in the vignette, Jorge, stated that the three rhombi were the
same thing as the whole hexagon. He explained that half of one rhombus was a triangle and that
the triangle represented a sixth of the hexagon.

Figure 7. Jorge’s work for artifact five.
For Jessica’s work, the second student who presented in the vignette, she stated that she
found half of the whole, which was the red trapezoid. She explained that a third of the trapezoid
was a triangle, and that was the same answer that Jorge found. The teacher in the vignette leads a
class discussion that resulted in the whole class agreeing that Jessica found
similarities and differences in the two models were discussed.

Figure 8. Jessica’s work for artifact five.
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1
1
of where
3
2

Artifact six. The task featured in artifact six involved a word problem that required a
student to solve a division problem involving fractions. In addition to modeling the action of the
problem, the student was asked to record a number sentence that described the action of the
problem. In order to represent children’s mathematical thinking, I created one fictitious student
explanation and work for the word problem Measuring Scoops (Barlow, 2007b) based on
previous teacher candidates’ responses. For this problem, a recipe requires 2

and there is only a

1
cups of sugar,
2

1
cup measuring scoop. The student has to determine the number of scoops
3

required for this amount of sugar.
The student accurately modeled the action of the problem using pattern blocks; however,
the interpretation of the leftover part was inaccurate. The student, Maria, stated that the leftover
triangle represents

1
1
1
. The triangle does represent
of the hexagon (i.e., cup) but
of a scoop.
6
6
2

This student did not consider the role of the unit when stating the final answer to the problem.
For artifact six, section A received Maria’s work (Figure 9) and her explanation for
solving Measuring Scoops. Section B examined only her explanation and section C looked at
only her work (Figure 9).
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Figure 9. Maria’s work for artifact six.
Procedures
Approval from the course coordinator to carry out the study with the elementary
mathematics content course had been obtained. Next, approval was gained from dissertation
committee members and the University’s Institutional Review Board (IRB). The first day of the
course began on August 20, 2012. The first unit of the course contained nine class sessions. The
tenth class session was exam one on September 20, 2012. The study took place from September
25, 2012, until November 29, 2012.
The delay of the study to the eleventh class session ensured that the participants could
develop norms within their mathematical discussions. Establishing these norms allowed
participants to be the learning authority within the mathematics content course. These same
norms set a standard for the justifications required in their explanations when solving problems.
These norms allowed for participants to explain the reasoning of others, which may have
supported participants in reasoning about children’s mathematical thinking (Dixon, Andreasen,
& Stephan, 2009).
At the end of the first day of unit two (session 11, September 25, 2012), I distributed an
IRB information sheet (Appendix F) to each teacher candidate that provided details of the study,
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asking them to participate in the study. Once consent had been obtained, the MKT measures
were administered to every teacher candidate enrolled in the mathematics content course who
had given consent. In order to match pre- and post-assessments, participants were asked to place
the last four digits of their social security number (SSN). Some participants did not know their
social security number; therefore, I made the decision to allow these participants to use the last
four digits of their school identification number (SIN).
For section A (Both) and the control section, participants did not have enough time to
finish the assessment. For these sections, participants were given the assessment at the start of
session 12 (September 27, 2012) to finish. For these two sections, I was concerned that
participants may change their answers after receiving the assessment the second time. To ensure
that this did not occur, I recorded all answers in an Excel spreadsheet between session 11 and
session 12. Upon further inspection, no participant had changed his or her previously recorded
answers. In all, the participants had approximately 30 minutes to complete the assessment. After
the administration of the pre-assessment, the instructors of the treatment sections gave teacher
candidates classroom artifacts to examine on six occasions: Sessions 14, 15, 17, 22, 24, and 25.
The dates for these sessions can be found in Table 3. On these days, the instructors used a
protocol, given to them before the class discussion, which included questions to ask the
participants to help facilitate their discussions. Protocols can be found in Appendices G, H, I, J,
K, and L. I have excluded parts of the protocols due to copyrighted materials.
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Table 3
Calendar Given to Teacher Candidates for Discussion of Artifacts
Session
11

Date
9/25

Assignment Due
Pre-assessment

Homework

12

9/27

13

10/2

OGD 1 Work

OGD 2 BB

14

10/4

15

10/9

OGD 1 Responses
OGD 2 Work
OGD 2 Responses

OGD 3 BB

16

10/11

OGD 3 Work

17

10/16

OGD 3 Responses

19

10/23

Exam 2

20

10/25

21

10/30

OGD 4 Work

22

11/1

OGD 4 Responses

23

11/6

OGD 5 Work

24

11/8

OGD 5 Responses

11/10

OGD 6 Work by midnight

25

11/13

OGD 6 Responses

27

11/27

Exam 3

28

11/29

Post-assessment

OGD 1 BB

OGD 4 BB

OGD 5 BB

OGD 6 BB

Note: Teacher candidates (TCs) were given calendars that included all assignments for the
course. I have excluded these assignments in this calendar. OGD refers to Online Group
Discussion; BB refers to Blackboard, which is an online course management system; Work
refers to TCs’ solutions and explanations to the problems posted in Blackboard; Responses refer
to the comments made to other TCs.
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Before analyzing and critiquing an artifact, participants had the opportunity to work the
problem represented in the artifact and discussed various ways of solving that problem (Philip,
2010, Stein et al., 2009). This ensured that the participants had an understanding of their
classmates’ solutions and solution processes and their own solution and solution process of the
problems of focus. In the control group, this work was accomplished in class.
To maintain consistent class times with the control group, however, participants in the
treatment groups were given time outside of class to work the problem from the classroom
artifact and had discussions similar to what the control group had in class. These discussions
took place on Blackboard and were an assignment for the course to ensure that the participants in
the treatment groups were prepared to discuss the videos/vignettes/explanations and sample work
of children working the same problem. Assignment of problems and due dates for replies can be
found in Table 3. The online discussion groups were the same groups created for in-class
discussion groups. The directions for online group discussions found on Blackboard can be
found in Appendices M, N, O, P, Q, and R. Names have been removed to protect the identity of
the participants.
After discussing the mathematics within a task, researchers suggested that teacher
candidates be given the opportunity to individually analyze an artifact (video, transcript, or
sample work) and answer reflection questions prior to whole group discussion (Stein et al.,
2009). Stein et al. (2009) also suggested that these artifacts be given before meeting as a group to
discuss; however, the set up of the course did not allow for this to be attempted. Therefore,
viewing artifacts and answering reflection questions took place during class time.
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On the artifact discussion days, I arranged participants in discussion groups based on
their major and ability level. I placed non-elementary education majors together and arranged
elementary education majors among the other groups. Instructors checked all groups to make
sure that the ability level of each group was balanced. These groups remained consistent for all
six artifact discussions. For a typical artifact discussion, participants were given the artifacts
described above and a copy of the reflection questions (Appendix D). Instructors gave
participants enough time to individually answer these questions. These times ranged from 10 to
20 minutes. After the appropriate time, instructors gave participants time to discuss the reflection
questions in their groups (five to seven minutes).
During this time, participants could add more detail to their reflection questions.
Instructors asked participants to record additional comments in colored pencil. After this time,
instructors facilitated a discussion of the three reflection questions as a whole group. Artifact
tasks ranged from 30 to 45 minutes. Class discussions focused primarily on mathematical
understandings and misunderstandings for each student. Most group discussions focused on the
mathematics of the work rather than instructional decision-making. All group discussions were
audio recorded. At the beginning of unit three, instructors rearranged where each group sat. I
made sure that each group remained with the same recorder.
After each discussion, I collected all reflection handouts from the treatment sections.
Within one to two days of each artifact discussion, I contacted participants via email asking for
them to complete an interview based on their discussion. An example email can be found in
Appendix S. I audio-recorded all interviews. After the completion of all interviews for each
artifact, the reflection handouts were copied and returned to the participants in each section. I
highlighted the comments that were added since I could not separate these two sets of comments
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in the black and white copies. The participants received their original reflection handouts, and I
kept the copied handouts to analyze.
The intent of the interviews was to gather data from the participants that would further
reflect their thoughts about the artifacts and discussions within the classroom. In addition to their
reflections, these interviews would specifically determine what the participants would do next
for the children represented in the artifacts. Six participants agreed to be interviewed throughout
the study. However, none of the participants from the selected groups agreed to be interviewed.
The selected groups were the groups that were analyzed from each section. Therefore, the
interview data that was available did not provide insight into the analysis of the groups which
formed the cases. As a result, the findings of the analysis of the interview data will not be
included in Chapter 4.
After all six artifacts were discussed, I administered the post-assessment. Participants
completed this assessment at the beginning of session 28, November 29, 2012. Participants’
scores on the pre- and post-assessments were matched using the last four digits of their SSN or
SIN, which ensured that anonymity was upheld. Teacher candidates who completed the entire
semester and participated in artifact discussions constituted the sample for this study. The preassessment and post-assessment were used to determine teacher candidates’ growth in MKT. All
data will be kept in a locked file cabinet and destroyed five years after the completion of the
study.
Research Questions and Null Hypotheses
The following quantitative research questions were posed. Null hypotheses have been
included for each question.
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1. Does variation in type of classroom artifact produce a change in post-assessment
MKT score when controlling for pre-assessment MKT score?
Null Hypothesis: There is no significant difference in mean post-assessment MKT score by type
of classroom artifact (both, explanations, student work, or none) when controlling for preassessment MKT score.
2. Does the use of classroom artifacts predict performance on MKT measures?
Null Hypothesis: There is no significant relationship between post-assessment MKT score and a
group of predictor variables including type of classroom artifact and pre-assessment MKT score.
In addition, the following qualitative question was posed: How does the use of different
types of classroom artifacts influence the discussions had by teacher candidates during an
elementary mathematics content course?
Data Analysis
In the following paragraphs, I will describe how I analyzed the data. This section is
organized around each type of research question.
Quantitative Analysis
In the following paragraphs, I describe how the quantitative data were analyzed. This
description includes details in data entry and exclusion, converting raw data into reportable data,
and justifying the use of ANOVA and ANCOVA tests. This analysis answered the following two
questions:
1. Does variation in type of classroom artifact produce a change in post-assessment
MKT score when controlling for pre-assessment MKT score?
2. Does the use of classroom artifacts predict performance on MKT measures?

52

Data entry and exclusion. For this study, the quantitative data consisted of the pre- and
post-assessments administered to all four sections of the elementary mathematics content course.
Each assessment consisted of two sections: content and background information. For each
assessment, I entered all responses including section number and four-digit identification number
into an Excel document that was originally created by the LMT project. Participants had the
option of skipping items. For any multiple-choice item that was skipped, I did not record an
answer in the document.
Two issues occurred when entering data for each section. For all stems that included one
item, only one letter should have been circled; however, some participants circled more than one
letter. When this occurred, I recorded these responses as incorrect regardless of whether one of
the answers was correct. For all stems that included more than one item, there should have been
one circled number response for each letter part; however, some participants circled only one
letter option. Therefore, these participants treated multiple-item stems as single-item stems.
When this occurred, no response was recorded for the parts that were not circled, and for the
circled part, the same letter as the part was recorded instead of a numbered response. In order to
have an overall total raw score, I followed the procedures presented during the LMT training. All
letter and number responses were converted to correct (1) or incorrect (0). After conversions
occurred, I summed each assessment; this total represented the total number of items that were
answered correctly.
Participants responded to a variety of background information questions. These questions
can be found in Appendix T. Participants’ major was of particular interest in this study.
Participants were asked to place a mark beside their major. Options included elementary
education, special education, and other. I recorded background information for each
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identification number into each Excel document from above. Once all data had been recorded, I
sorted each section twice, first by major and second by identification number. This sorting
allowed for the elementary education data to be examined. Data for identification numbers were
excluded if elementary education did not appear as the major for either pre- or post-assessment.
In a separate Excel document, I pasted identification numbers and pre- and postassessment totals for the elementary education majors, and then matched totals by identification
numbers. After sorting, three situations occurred:
1. An identification number had both a pre- and post- raw total,
2. An identification number had only a pre- raw total, or
3. An identification number had only a post- raw total.
Only data for identification numbers with both pre- and post- raw totals were included in the
quantitative analysis of this study. Lastly, data were excluded for teacher candidates who did not
finish either the pre- or post-assessment. The total number of teacher candidates who were
elementary education majors can be found in Table 4. The total number of assessments matched
to a student identification number also can be found in Table 4. After all three exclusions, there
were a total of 72 participants included within this quantitative analysis.
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Table 4
Numbers Reported in Study
Class Roll

Assessment

Analysis

Sections

TC

EE

TC

EE

EE

A

28

25

30

29

20

B

31

26

30

24

17

C

29

29

35

31

21

D

25

18

27

20

14

Total

113

98

122

104

72

Note: The numbers located under the assessment header refer to the amount of identification
numbers which corresponded to an assessment. The numbers in these columns were self-reported
by the teacher candidates. The bolded numbers were greater than that reported on the class roll.
The numbers under the analysis header were the total number of participants included in the
quantitative analysis that had both pre- and post-assessment data.
Data conversion. LMT has strict guidelines on reporting data. In order to report the data
from this study, all raw totals were converted to item response theory (IRT) scale scores. These
conversion tables were provided by the LMT project. I can report the data in the IRT form.
ANOVA and ANCOVA tests. For the analysis of research question one, postassessment MKT score served as the dependent variable, type of classroom artifact was the
independent variable and pre-assessment MKT score was the covariate. I performed an Analysis
of Covariance (ANCOVA) (Hinkle, Wiersma, & Jurs, 2003) to answer question one. One of the
assumptions for the ANCOVA was that “there is a linear relationship between the dependent
variable and the covariate” (Hinkle, Wiersma, & Jurs, 2003, p. 513). If any assumption cannot be
met, then a One-Way Analysis of Variance (ANOVA) would have been used to compare the
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mean difference in pre-assessment MKT score and post-assessment MKT score by type of
classroom artifact.
I performed an Analysis of Variance on the pre-assessment MKT score in each section to
determine if these IRT totals were significantly different by section. Pre-assessment MKT score
served as the dependent variable and type of classroom artifact was the independent variable.
The participants in these courses varied in age, class, and content knowledge; therefore, an
ANCOVA was used to make the participants in all four sections comparable with respect to the
pre-assessment MKT score. Based on the results for question one, the analysis for question two
did not take place. I will provide the reasons for not completing the analysis for question two in
Chapter 4.
Qualitative Analysis
In the following paragraphs, I will describe how the qualitative data were analyzed. This
description includes details in participant selection, transcribing and coding the discussions,
responses to reflection questions and interviews, and creation of themes. This analysis answered
the following question: How does the use of different types of classroom artifacts influence the
discussions had by teacher candidates during an elementary mathematics content course? The
class discussions, reflection questions (written answers), and interview questions were used to
answer this question.
Participant selection. Once all data had been collected, I used Creswell (2009), Patton
(2002), Saldaña (2009), and Yin (2009) as a guide for completing the qualitative data analysis.
To determine which groups to focus on in each section, I highlighted the names of teacher
candidates who were absent on the days of the artifact discussions. I wanted to make sure to
include teacher candidates who had participated in all six artifact discussions. For teacher
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candidates who were absent for more than one artifact discussion, I wrote the number of
discussions missed next to their highlighted name. I randomly selected two groups from each
section to include in the analysis. The discussions from these two groups were transcribed ,
replacing participant names and any other identifying information with pseudonyms to protect
each participant’s identity (Creswell, 2009). There was a total of 24 teacher candidates
considered participants within this analysis.
For section A (Both), there were seven total groups that participated in the artifact
discussions. I excluded one group due to the fact that this group included non-elementary
education majors. Five additional groups were excluded because there were teacher candidates
within these groups who did not attend all six artifact discussions. Since there was only one
group remaining, this group was automatically included in the qualitative analysis. To determine
the second group that would be included, I randomly selected one group from the five that were
initially excluded because of absences. None of these groups had teacher candidates who missed
more than one artifact discussion. The participants within these two groups were labeled as
follows: TCA1, TCA2, TCA3, TCA4, TCA5, TCA6, TCA7, and TCA8.
For section B (Explanations), there were eight total groups that participated in the artifact
discussions. I excluded one group due to the fact that this group included non-elementary
education majors. Three additional groups were excluded because there were teacher candidates
within these groups who did not attend all six artifact discussions. Of the four groups that
remained, I randomly selected two groups to include in the qualitative analysis. The participants
within these two groups were labeled as follows: TCB1, TCB2, TCB3, TCB4, TCB5, TCB6,
TCB7, and TCB8.
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For section C (Work), there were eight total groups that participated in the artifact
discussions. I excluded two groups due to the fact that these two groups each contained a teacher
candidate who declined to take part in the study. Three additional groups were excluded because
there were teacher candidates within these groups who did not attend all six artifact discussions.
Of the three groups that remained, I randomly selected two groups to include in the qualitative
analysis. The participants within these two groups were labeled as follows: TCC1, TCC2, TCC3,
TCC4, TCC5, TCC6, TCC7, and TCC8.
Transcriptions and codes. Written responses to reflection questions were typed, and all
interviews were transcribed removing any identifiable information. Patton (2002) suggested to
“locate within the personal experience, or self-story, key phrases and statements that speak
directly to the phenomenon in question” (p. 485). I read through all data to obtain a general
overview of the discussions. I used the MKT framework and the professional noticing
framework to code the discussions. Coding the discussion based on two types of codes is referred
to as simultaneous coding (Saldaña, 2009). I noted each time a participant gave a meaningful
response. Statements such as “yeah,” “mm-hmm,” and “okay” were not considered meaningful
responses. Throughout all six artifacts, I took into consideration each time the discussion
changed speakers.
I used the same codes to label both the discussions and the interviews. These codes were
created by using the two frameworks described in Chapter 2. Saldaña (2009) refers to this coding
as hypothesis coding. “Hypothesis coding is the application of a researcher-generated,
predetermined list of codes onto qualitative data specifically to assess a researcher-generated
hypothesis” (p. 123). For the MKT framework, I used the labels HCK, CCK, SCK, KCS, and
KCT to code the discussions based on these five domains. In all instances where these codes
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were used, participants made comments about the children’s solution processes or
understandings that pertained to topics within these domains; however, these teacher candidates
did not necessarily possess the required knowledge for each of these domains.
For example, when participants referred to their own work for solving the problem or
how to solve the problem that did not refer to the children’s work, then these statements were
coded as CCK. Statements were coded as SCK when participants accurately explained the
children’s solution processes and correctly interpreted the children’s understandings or
misunderstandings. When participants discussed expectations or characteristics of children, then
these statements were coded as KCS. Statements were coded as KCT, when participants
discussed appropriate methods and instruction-related topics (e.g., questioning and guiding) in
relation to the content of the artifacts. Examples of these statements will be provided in Chapter
4.
Jacobs, Lamb, and Philipp (2010) proposed that professional noticing of children’s
mathematical thinking consists of three skills: “Attending to children’s strategies, interpreting
children’s understandings” (p.172), and “deciding how to respond on the basis of children’s
understandings” (p. 173). While analyzing the discussions that took place within each group, I
focused on how teacher candidates “attend to children’s strategies” and “interpret children’s
understandings.” However, the third skill, “deciding how to respond on the basis of children’s
understandings,” while being beyond the scope of this study, was addressed by some of the
teacher candidates during discussions. In addition to the hypothesis coding with the professional
noticing framework, I utilized magnitude coding (Saldaña, 2009). “Magnitude Coding consists of
and adds a supplemental alphanumeric or symbolic code or subcode to an existing coded datum
or category to indicate its intensity, frequency, direction, presence, or evaluative content” (p. 58).
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For the professional noticing framework, I used a three-digit coding label. The first digit
starting from the left referred to the three skills in the professional noticing framework. A 1 stood
for describing the artifact, a 2 stood for interpreting the artifact, and a 3 stood for discussing
instruction related to the artifact. In most instances, statements that were coded at a level 3
pertained to instruction-related topics (e.g., grade level, questioning, characteristics of students,
etc.) rather than instructional decision-making. The middle digit referred to the accuracy of the
statement. A 0 meant that the statement was inaccurate. A 1 meant that the statement was
accurate. The last digit on the right referred to the robustness of the statement. A 0 signified that
the statement was not detailed. A 1 signified that the statement was detailed. Therefore, a code of
201 would denote a participant’s inaccurate statement that interpreted the mathematical
understanding or misunderstanding of the child who was detailed.
Once all data had been coded, I focused on the unit of analysis for this multiple case
study, that is, sections that received classroom artifacts. Relying on the MKT and professional
noticing framework, I developed rich descriptions of each case (both, explanations, and work).
Within each case, I employed a time-series analysis focusing on the first artifact and progressing
through all six artifacts (Yin, 2009). Lastly, Yin (2009) suggested comparing descriptions across
cases known as a cross-case analysis. Using qualitative findings, themes and descriptions were
created and compared across all reflections handouts and artifacts discussions for the six groups
that were analyzed, two from each section in the study (Yin, 2009).
Delimitation/Limitations of Study
There were four main limitations with this study. The first limitation was with the content
assessment. The MKT measures were developed with in-service teachers. The validity and
reliability of this assessment for teacher candidates has not been completed for the rational
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numbers assessment. However, Copur-Gencturk and Lubienski (2012) indicated that MKT
measures were suitable to use in a mathematics content course that focused on conceptual
understanding.
The second limitation for this study was personal bias. I have been involved in
development of the course and taught one of the sections of this course during this study. In
order to offset this bias, I did not administer the treatments; therefore, my thoughts and feelings
did not impact the discussions of the classroom artifacts. During analysis, I used previously
created frameworks to help code the data. Lastly, I kept a neutral appearance during the
interview process.
The lack of data in regards to the interviews was the third limitation for this study. Even
though a few of the teacher candidates completed interviews for this study, this data did not
pertain to the groups that were analyzed. Therefore, the data were not available to ensure
triangulation for the selected groups from each section.
Lastly, the identification numbers and self-reported majors were a limitation for the
study. The number of assessments based on these two identifications outnumbered the reported
number of teacher candidates on the class rolls in each section. Therefore, some assessments
were excluded because teacher candidates placed two separate numbers on the pre- and postassessment.
A delimitation of the study was the participants of the course. The participants of this
course were elementary education undergraduate teacher candidates. Secondary education,
special education, and content majors with minors in mathematics education undergraduates
were excluded from the study.
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Conclusion
In this chapter, I have discussed the research context of the course of interest, which
included an elementary mathematics content course. In this course, instructors used the process
standards to teach mathematics. Elementary education undergraduate teacher candidates were the
participants within this mixed-methods study. Participants were given pre- and post-assessments
and were asked to analyze six classroom artifacts. All artifact discussions were audio-recorded,
and a few participants were interviewed to further reflect on their responses. The assessments
determined if the type of artifact would predict performance on the assessment. The qualitative
data helped to establish what impact, if any, the examination of artifacts had on developing
specialized content knowledge. The assessments were analyzed using SPSS. All discussions and
interviews were transcribed and coded based on the MKT and professional noticing frameworks.
In the next chapter, the results and findings for this study will be described.
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CHAPTER IV: FINDINGS
Introduction
Researchers have found that teachers and teacher candidates can develop knowledge by
examining how children think (Carpenter et al., 1989, 1996; Jacobs et al., 2010; Morris et al.,
2009; Phillip et al., 2007). Researchers have given teachers artifacts of practice to examine
during professional development and, researchers have given teacher candidates artifacts of
practice to explore during methods and mathematics content classes. At what point during the
preparation of teachers will teacher candidates have the necessary skills to be able to examine
artifacts? The goal of this study was to have teacher candidates discuss the mathematics and
understandings or lack of understanding represented in artifacts of practice within an elementary
mathematics content course. I wanted to determine how teacher candidates discussed artifacts
based on the type of artifact that they received. In the following paragraphs, I will discuss the
results from the quantitative analysis and the findings from the qualitative analysis.
Quantitative Analysis
The following research questions were addressed by this analysis. I have provided the
null hypothesis for each question.
1. Does variation in type of classroom artifact produce a change in post-assessment
MKT score when controlling for pre-assessment MKT score?
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Null Hypothesis: There is no significant difference in mean post-assessment MKT score by type
of classroom artifact (both, explanations, work, or none) when controlling for pre-assessment
MKT score.
2. Does the use of classroom artifacts predict performance on MKT measures?
Null Hypothesis: There is no significant relationship between post-assessment MKT score and a
group of predictor variables including type of classroom artifact and pre-assessment MKT score.
The data gathered from the pre- and post-assessments were analyzed to answer these two
questions. In the following paragraphs, I will describe how the quantitative data were analyzed.
This analysis included determining if an ANCOVA was needed, describing the data from each
section, and providing the results from the ANCOVA test. All quantitative data were analyzed
using IBM SPSS Statistics Version 20. In addition, all quantitative data were reported in IRT
units.
ANOVA Results
The treatment (i.e., type of classroom artifact) was randomly assigned to each section;
however, the teacher candidates were not randomly selected to each treatment group. Therefore,
an ANCOVA was the appropriate test to analyze the quantitative data for research question one
(Hinkle, Wiersma, & Jurs, 2003). For this study, I conducted a one-way ANOVA with postassessment MKT as the dependent variable and type of classroom artifact (both, explanations,
work, or none) as the independent variable without considering the covariate represented by preassessment MKT score. The results from this analysis can be found in Table 5. These results
suggested that there was no significant difference between the type of classroom artifact and
mean post-assessment MKT score with F (3, 64) = 1.49, p = 0.23; therefore, p > 0.05.
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Table 5
One-Way ANOVA for Post-assessment MKT Score by Type of Classroom Artifact

Section
(Independent)
Post
(Dependent)
Total

SS
1.18

df
3

MS
0.39

18.25

68

0.27

19.43

71

F
1.49

Sig
0.23*

Note: *p > 0.05
Participants entered the elementary mathematics content course with different
backgrounds. This meant that participants possibly entered the course with differing levels of
MKT. To determine the need for controlling pre-assessment MKT score, I completed a one-way
ANOVA with pre-assessment MKT score as the dependent variable and type of classroom
artifact as the independent variable. Results from the ANOVA test can be found in Table 6.
These results suggested that there was a significant difference in mean pre-assessment MKT
score by type of classroom artifact with F (3, 64) = 4.96, p = 0.004; therefore, p < 0.05. This
significance meant that the mean pre-assessment MKT score should be controlled; therefore, I
used an ANCOVA, which controls for effects of this variable (Hinkle, Wiersma, & Jurs, 2003).

Table 6
One-Way ANOVA for Pre-assessment MKT Score by Type of Classroom Artifact

Section
(Independent)
Pre
(Dependent)
Total

SS
4.62

df
3

MS
1.54

21.12

68

.31

25.73

71

Note: *p < 0.05
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F
4.96

Sig
0.004*

I have provided descriptive statistics by section for the post-assessment MKT scores in
Table 7. Based on these statistics, the mean MKT score of each section varied slightly. I will
discuss in a later section whether this slight variation is significant when controlling for the mean
pre-assessment MKT score.

Table 7
Descriptive Statistics for Post-assessment MKT score
Section

M

SD

N

A (Both)

-0.88

a

0.56

20

B (Explanations)

- 0.64

0.44

17

C (Work)

-0.98

0.59

21

D (None)

-0.91

0.42

14

Total

-0.86

0.52

72

Note: Post-assessment MKT scores could range from -3.17 to 2.5.
a
All values rounded to two decimal places.
ANCOVA Assumptions
To determine if there was a significant difference in mean post-assessment MKT score, I
analyzed the data using an ANCOVA. For the ANCOVA, post-assessment MKT score acted as
the dependent variable, type of classroom artifact represented the independent variable, and preassessment MKT score referred to the covariate. There are assumptions that must be met in order
to complete an ANCOVA, three of which are homogeneity of regression, homogeneity of
variance, and the existence of a linear relationship between the dependent variable (post-
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assessment MKT score) and covariate (pre-assessment MKT score). I will discuss each of these
assumptions in the following sections.
Homogeneity of regression. “A test of the homogeneity of regression assumption is a
prerequisite to conducting ANCOVA” (Hinkle, Wiersma, & Jurs, 2003, p. 513). Homogeneity of
regression referred to the fact that there was no linear relationship or interaction between the
independent variable (type of classroom artifact) and covariate (pre-assessment MKT score). In
other words, the regression lines within each group have the same slope (Hinkle, Wiersma, &
Jurs, 2003). To determine that this assumption had been met, I ran a one-way analysis of
variance with an interaction between the covariate and independent variable (Horn, n.d.). The
results from this analysis can be found in Table 8. These results suggested that there was no
significant interaction between the type of classroom artifact and mean pre-assessment MKT
score with F (3, 64) = 0.59, p = 0.63; therefore, p > 0.05. Hence, this assumption had been met.

Table 8
One-Way Analysis of Variance with Interaction Variable
Source
Pre
(covariate)
Section
(independent)
Section x Pre
(interaction)
Error
Corrected Total

SS
5.20

df
1

MS
5.20

F
26.22

Sig
0.00

1.18

3

0.39

1.98

0.13

0.35

3

0.12

0.59

0.63*

12.70

64

0.20

19.43

71

Note: *p > 0.05
Homogeneity of variance. Homogeneity of variance referred to the fact that the variance
of the dependent variable (post-assessment MKT score) was equal among the independent
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variables (type of classroom artifact). In order to determine that this assumption had been met, I
ran the Levene’s Test of Equality of Error Variances. The results from this analysis can be found
in Table 9.These results suggested that there was no significant difference between the variances
of the post-assessment MKT score by type of classroom artifact with F (3, 68) = 0.75, p = 0.53;
therefore, p > 0.05. Hence, this assumption had been met.

Table 9
Levene’s Test of Equality of Error Variancea
F
0.75

df1
3

df2
68

Sig.
0.53*

Note: aDesign: Intercept+Pre+Section
*p > 0.05
Linear relationship between dependent variable and covariate. To determine whether
there was a significant relationship between the dependant variable (post-assessment MKT
score) and the covariate (pre-assessment MKT score), I conducted an ANCOVA. In completing
this analysis, the results from testing this assumption can be found in the output table (Horn,
n.d.). The results for the ANCOVA can be found in Table 10. These results implied that there
was a significant relationship between mean pre-assessment MKT score and mean postassessment MKT score with F (1, 67) = 32.77, p = 0.002; therefore, p < 0.05. Since all of these
assumptions had been met, the relationship between these two variables supported the rationale
behind controlling for pre-assessment MKT score.
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Table 10
One-Way Analysis of Covariance
Source
SS
Pre
6.38
(Covariate)
Section
0.00
(Independent)
Error
13.05
(Within)
Corrected Total
19.43
Note: *p > 0.05; ap < 0.05

df
1

MS
6.38

F
32.77

Sig.
0.002a

3

0.00

0.002

1.00*

67

0.20

71

ANCOVA Results
The null hypothesis for research question one stated that there was no significant
difference in mean post-assessment MKT score by type of classroom artifact (both, explanations,
student work, or none) when controlling for mean pre-assessment MKT score. Based on the
results from Table 10, I did not reject this hypothesis because F (3, 67) = 0.002, p = 1.00;
therefore, p > 0.05. Since I did not reject the null hypothesis, there is no need to complete a post
hoc. There was no significant difference in the dependent variable by the independent variable
when controlling for the covariate. Even though the mean post-assessment MKT scores varied
slightly in Table 8, this slight difference was not significant.
In comparison to the analysis on the dependent variable, the one-way ANOVA results,
when the covariate was not considered, had within groups SS to be 18.25. After controlling for
the covariate, the analysis from the ANCOVA revealed that the adjusted within groups SS was
13.05. “This decrease reflects the partitioning of the effect of the covariate out of the within-cell
variation” (Hinkle, Wiersma, & Jurs, 2003, p. 503).
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In the sections above, I explained that there was a significant difference between the
different sections in terms of mean pre-assessment MKT scores. However, after controlling for
this difference, the mean post-assessment MKT scores were not significantly different. This
means that the variation in classroom artifacts will not significantly change mean postassessment MKT score. Given that the type of classroom artifact will not affect mean postassessment MKT score differences, there would not be a significant relationship between these
two variables. Therefore, the type of classroom artifact will not be a predictor variable for these
MKT measures. Hence, there was no reason to continue with the quantitative analysis. I will
describe the findings of the qualitative analysis in the next section.
Qualitative Analysis
The following research question was addressed by this analysis: How does the use of
different types of classroom artifacts influence the discussions had by teacher candidates during
an elementary mathematics content course? The data gathered from the reflection questions and
the artifact discussions were analyzed to answer this question. Each section of the elementary
mathematics content course received a different type of classroom artifact (e.g., both,
explanations, work, or none). Since I examined how classroom artifacts impact knowledge
development, the units of analysis were the sections of this course. Within each section, I have
analyzed two groups, which would be considered embedded units of analysis (Yin, 2009). I did
not collect qualitative data from the section that did not receive artifacts; therefore, I will not
discuss this section in the following paragraphs.
The teacher candidates in section A (both) were able to examine the entire artifact
(explanations and work) for all six artifacts. Sections B (explanations) and C (work) only
received part of the artifact, either explanations or work, respectively. Descriptions of each
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artifact can be found in Table 2 in Chapter 3. For each section, I collected reflection handouts
from each teacher candidate and recorded every group’s discussion for all six artifacts. In the
following paragraphs, I will summarize the qualitative data collected in each section and provide
the analysis for each source of data.
Section A (Both)
The two groups of interest from section A were referred to as Group 1 and Group 4. The
participants within these two groups were labeled as follows: TCA1, TCA2, TCA3, TCA4,
TCA5, TCA6, TCA7, and TCA8. Group 1 consisted of teacher candidates 1-4 and Group 4
consisted of teacher candidates 5-8. Labels were placed on participants based on alphabetical
order within the group. In the following paragraphs, I will describe each group as a whole and
compare the two groups for the first unit of analysis.
Group 1. All of the participants in Group 1 were present for all six artifact discussions.
In the following paragraphs, I will summarize both the comments written on the reflection
handouts and the artifact discussion for each artifact. The comments that participants recorded on
the reflection handouts during the artifact discussion will be in bold.
Artifact one. A detailed description of artifact one can be found in Chapter 3. This
description includes a detailed account of each child’s solution process and the mathematical
understandings or lack of understanding for each child. Images of the artifacts can be found in
Figures 1, 2, and 3.
Reflection questions. All participants mentioned that student one from the artifact had
folded the strips (whole) to create each fraction. All but TCA3 gave a detailed description using
one of the fractions. The following quote demonstrates one of the detailed descriptions for
student one’s solution process.
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Student one shade [sic] each fraction by folding there [sic] paper according to the
fraction. So for one-half they folded there [sic] paper in half and saw that half of the strip
was six parts. They did this for every fraction. Whole needed to [sic] divided equally.
[TCA4]
All participants stated that student two shaded the number of parts that were present in the
denominator. TCA2 explained that if student two had switched one-third and one-fourth then the
representations would have been appropriate. The following excerpt represents a common
statement made about student two’s solution process.
Student two was just shading in whatever the denominator was without any math work.
Knew what the half was by being able to count. [TCA1]
For student three, all participants mentioned that the denominator represented the number of
parts in each group. The quote below expresses this idea.
Student three separated each of their [sic] strips according to the number in each
denominator and only shaded in one of each part. [TCA3]
All participants stated that student one and student three understood that the whole
needed to be divided into equal-sized parts. TCA1 and TCA2 mentioned that student three’s
method might be confusing but it still worked. All participants except for TCA3 described that
this student accurately shaded half. All participants stated that student two did not understand the
value of fractions and recorded this statement during the artifact discussion.
Artifact discussion. The analysis revealed that participants provided accurate detailed
descriptions of the students’ solution processes. TCA2 claimed that student one’s method was a
smart way of shading fractions. All participants mentioned that student two’s method was
inaccurate. However, TCA2 provided ways of correcting this child’s misunderstanding. All
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participants believed that student one and three had an understanding of fractions. However, all
participants felt that student three’s method would be for a more advanced student. I noted each
time a participant gave a meaningful response. Statements such as yeah, mm-hmm, and okay
were not considered meaningful responses. I counted each time the discussion changed speakers.
Based on these counts, TCA2 and TCA4 dominated this discussion with 23 and 24 segments,
respectively. In contrast, TCA1 and TCA2 spoke on eight and 12 occasions, respectively.
I coded the discussion using two frameworks: professional noticing of children’s
mathematical thinking and MKT. I will describe each of these analyses in the following
paragraphs.
Professional noticing framework. Using the numerical codes described in Chapter 3, the
analysis revealed 10 segments where participants described how the students modeled the four
fractions. All 10 segments were accurate, and four of them were detailed. A segment was
considered detailed if the student’s solution process was completely described. Therefore, if any
information was left out that would prevent a person from knowing exactly what the student had
done, then the segment or description was considered not detailed. All four participants provided
statements that described the students’ work. The first quote demonstrates a detailed description
of how student one modeled one-third. The second quote represents a description of student
one’s solution process that lacked detail.
For example, like one-third of the whole, separated into three different parts, so he folded
it three times. [TCA2]
For student one, he just folded. [TCA1]
The analysis also revealed 13 segments where participants referred to mathematical
understandings or lack of understanding. Ten of these segments were accurate and one of the 10
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was detailed. All four participants provided descriptions of the students’ understandings or
misunderstandings. The following quotes exemplify an inaccurate statement about student two’s
lack of understanding and an accurate statement regarding student two’s understanding,
respectively.
And then the only one that he really got wrong, I said was one-sixth, because, um, like
that’s like the only one he’d have to re-do. [TCA2]
Student two only understood what half represents. [TCA3]
Lastly, the analysis indicated that two of the participants, TCA2 and TCA4, discussed the
instructional decisions that would allow for student two to overcome his lack of an
understanding. The following quote represents one of the instructional decisions provided by
TCA2.
You could put like one-half times even like what we just did. Like you do one-half times
two over two, and then one-sixth times two over two, and like show that those don’t
equal, so like they can’t look the same. [TCA2]
MKT Framework. The analysis uncovered 14 segments coded as SCK, four segments
coded as CCK, eight segments coded as KCS, five segments coded as KCT, and one segment
coded as HCK. Most of the KCS statements referred to the fact that the participants did not
expect to see a process like student three’s work and referred to the grade level of this particular
student. I have provided three such quotes in regards to KCS domain.
But the only thing is that it kind of, I feel like this would be like a more like advanced
kind of student doing this, because like, I mean, if you were to show this to like students
who didn’t really understand fractions, it doesn’t look like that is half of the strip, you
know? [TCA2]
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This has to be someone that actually knows like a lot about fractions. [TCA4].
Yeah, maybe like that was like early elementary school on the first page and then like
maybe this is middle school or something. [TCA2].
During the analysis, I coded the last quote as KCS and HCK because of the participant
mentioning the topic spanning over different grade levels.
Artifact two. A detailed description of artifact two can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child. Images of the artifact created from the
video can be found in Figure 4.
Reflection questions. All participants in Group 1 provided accurate descriptions for the
child’s comparison of fractions. TCA1 and TCA3 provided a detailed description. TCA2 and
TCA4 vaguely described how she compared the fractions. The first quote represents a detailed
description of one pair of fractions that the child compared. The second quote represents a vague
description of what the child did.
The child said one-sixth was larger than one-eighth because if a candy bar was split into
pieces like the fractions, one-eighth would have smaller pieces. [TCA3]
She compared each fraction to food, like candy bar and pies. She would explain how ever
[sic] many times you cut it determined which fraction was larger. [TCA4]
Three of the participants, TCA1, TCA3, and TCA4, stated that the child understood that one was
a whole. All the participants made accurate statements regarding the child’s misunderstandings
when comparing fractions. The following quotes demonstrate the participants’ identified
misunderstandings.
I think she only sees fractions as not whole. [TCA4]
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The child doesn’t understand that when the numerator is greater than the denominator,
the fraction is automatically bigger than one. [TCA3]
She didn’t understand equivalent fractions or how to simplify fractions. [TCA1]
Artifact discussion. The analysis revealed that the participants provided accurate
interpretations for the child’s understandings and misunderstandings. The participants claimed
that the child understood fraction pair one the best by explaining that more cuts would result in
smaller pieces. All of the participants spoke roughly the same amount of times; however, this
discussion was shorter than the first discussion. Unlike artifact one discussion, the participants
did not discuss instruction-related topics.
Professional noticing framework. The analysis indicated that there were eight segments
where the participants described how the child compared the fractions. However, two of these
segments were inaccurate and all of them lacked detail. The following quotes are examples of
accurate descriptions for the child’s solution process.
As to how she would like divide up food. And like also she would explain however many
times that she would cut the food or divide it up, she’d talk about which fraction was
larger. [TCA4]
Okay, with the second one she did one-seventh and two-sevenths, she circled the oneseventh, but then she changed her mind and circled two-sevenths, but she didn’t know
why. [TCA2]
The analysis also indicated that six segments were coded as attending to the child’s
understandings or lack of understanding, five of these segments were accurate and two of these
five were detailed. I have provided the two detailed quotes below.
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She understood that one equals a whole and she, um, that’s why she always picked one as
being greater when she compared it to any of the other fractions. [TCA3]
That’s what I put. Okay, like, for the second, third question where it says, “What does she
not understand?” I put that I don’t think that she understands like fractions, as in the
sense of like she sees the one and thinks of a whole, but she’ll see the four over three and
doesn’t think of it as a one whole and one third. She just thinks of that as, “That’s a
fraction, that’s not a whole number.” [TCA4]
MKT framework. The analysis revealed nine segments coded as SCK and three segments
coded as CCK. The following excerpt is from TCA2 who provided a SCK and CCK statement
together in the same segment.
Okay, with the second one she did one-seventh and two-sevenths, she circled the oneseventh, but then she changed her mind and circled two-sevenths but she didn’t know
why. [SCK] Which like this sounds like weird, but like with our homework or whatever, I
was like, I knew two-sevenths was like the larger one, but I didn’t know how to like
describe it. [CCK] [TCA2]
Unlike artifact one discussion, the analysis uncovered that there were no segments coded as KCS
or KCT.
Artifact three. A detailed description of artifact three can be found in Chapter 3. This
description includes a detailed account of each pair’s solution process and the mathematical
understandings or lack of understanding for each pair of children. Within this artifact, three pairs
of students presented their work: Jalessa and Rachel, Omar and Marcus, and Tim and Daniel. I
will refer to each of these as pair one, pair two, and pair three, respectively.
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Reflection questions. Similar to artifact two, TCA1, TCA3, and TCA4 provided detailed
descriptions for each pair of children’s solution process. The following excerpt represents a
detailed description of pair two’s solution process.
Omar and Marcus counted that there were ten columns in the rectangle and concluded
that each was worth 10% of the whole (the entire rectangle). They shaded in a 2 x 3
rectangle so that there were six total squares shaded. Next, they divided the rectangle into
parts to see how many 2 x 3 rectangles could fit into the whole and got six with one
column left over. They knew that the column left over was 10% of the rectangle;
therefore, the six 2 x 3 rectangles had to represent 90% of the rectangle. Therefore, they
divided 90% (the percentage the six 2 x 3 rectangles represented) by six (the number of 2
x 3 rectangles in the whole) and got 15% (the percentage of the 2 x 3 rectangle that was
shaded). [TCA3]
For the first time on the reflection handouts, there were two instances of inaccurate
mathematical statements. The following quotes contain these inaccuracies.
[Pair three] Made each square into a fraction =

1
. [TCA2]
10

[Pair one] They divided 40 and 100 to figure out that each square was worth 2.5%. . . . By
multiplying 2.5 x 6 = 15%. [TCA4]
For TCA2’s quote, each column should have represented one-tenth. For TCA4’s quote, I could
not determine if this participant meant 100 divided 40 or 40 divided 100 where the latter was
inaccurate. For the second part of the quote, TCA4 recorded the commutative expression.
All four of the participants stated that each pair understood that the whole represented 100%.
TCA1, TCA2, and TCA4 all mentioned that Michael was confused with this concept. Lastly,
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TCA1 and TCA4 provided statements that referred to pair one not using the grid in the most
efficient way possible.
Artifact discussion. The analysis revealed that TCA2 and TCA4 were able to provide
detailed descriptions of the children’s solution processes. However, the participants did not
include percent symbols when referring to a percent in value occasionally during the discussion.
The participants claimed that all of the pairs understood how to work the problem and felt that
the students were able to explain their process for finding the percentage. TCA2 and TCA4
dominated the discussion similar to the artifact one discussion with 19 and 18 segments,
respectively. In contrast, TCA1 and TCA3 only spoke on four occasions each.
Professional noticing framework. The analysis indicated eight segments where
participants described the students’ solution processes, three of these segments were inaccurate.
There were three detailed sections within the five accurately identified descriptions. There was
one detailed segment among the three inaccurately identified descriptions. Only TCA2 and
TCA4 provided these descriptions. The following quote demonstrates a detailed segment that
contained accurate and inaccurate statements regarding pair one’s solution process. The values
that are underlined should have included a percent symbol.
I just put the students thought, for number one, they just thought of this whole thing, the
whole as 100. So 40 was how many squares are in it, they put that as the whole, which 40
is equal to 100, so they took 40 and 100 and divided them together to figure out that each
square, [inaccurate] in order to make this 100 percent, each square was worth 2.5 percent.
They shaded six squares and they found that six squares is 15 percent [accurate] because
they multiplied 2.5 by the six squares [inaccurate] that were shaded, and it was 15
percent. [TCA4]
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All four participants in Group 1 provided descriptions of student understanding or
misunderstanding. The analysis uncovered nine segments coded as accurate descriptions of
understanding or lack of understanding, with four of these segments being detailed. The
following quote demonstrates a detailed account for a participant who described the child’s
understanding in the artifact.
They [all pairs] understood that like 100 percent equals one whole, and it doesn’t
necessarily mean that it’s like 100 like units inside of a whole. [TCA2]
With the exception of TCA3, all participants provided instructional comments. These comments
referred to appropriate solutions versus the proper way to use the diagram. The two quotes below
refer to why pair one would shade a random pattern of squares.
That’s what I put, that they [pair one] don’t really understand like how to use the diagram
properly. These people, the other two students [pair two and pair three] used it in an
easier way, but these ones, they just shaded six random squares. [TCA4]
Well, they just knew that each square was 2.5 percent, so they knew they were all equal,
so it really didn’t matter how they shaded because the area would be the same, but
keeping them together helps. [TCA1]
MKT framework. The analysis revealed four segments coded as CCK, 11 segments coded
as SCK, and four segments coded as KCT. The identified KCT statements were similar to the
reported quotes above. The following quote represented TCA4’s CCK or rather lack of CCK.
This participant’s explanations lacked precision, which for a teacher can be important for
instruction.
I didn’t think of that either. I just shaded in six and then did the 40 divided by six or six
divided by 40 or whatever. [TCA4]
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Artifact four. A detailed description of artifact four can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child. An image of the artifact created from the
video can be found in Figure 6.
Reflection questions. As with the first three artifact reflection handouts, TCA1 and TCA3
provided detailed explanations of how this student solved the problem. The first quote below
represents a detailed description of the student’s solution process. The participant had underlined
the phrase “same size” in the description. The second quote also demonstrates this process, but
with less detail.
The child first drew a circle and cut it into four equal parts and shaded what would be left
after the three-fourths was found. She then drew a second circle the same size and cut it
into two equal parts and shaded what was left after half was found. Now she combined
the one-half with two of the one-fourth pieces and had one-fourth piece left. So she got
the answer one and one-fourth. [TCA1]
She drew out each fraction equaling the same size whole. Then she drew each part – drew
half a circle, then added two-fourths then added one more fourth because she needed to
add three-fourths and one-fourth was left over after the first whole. [TCA2]
TCA2 did not mention how the child shaded her fractions; therefore, I recorded this description
as lacks detail.
TCA1, TCA3, and TCA4 believed that this student understood the value of fractions and
how to combine fractions. TCA2 was the only participant to mention that she used the same size
whole to model these fractions as an understanding. TCA2 and TCA4 stated that she understood
that two-fourths was equivalent to half. All four participants described how the student was
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either confused or did not understand how to shade fractions. This statement seemed to be
contradictory to the claim that this student understood the value of fractions. In most instances,
the value of the fraction is represented in the shaded portion. However, shading the leftover
amount would still be appropriate if this method was consistently used.
Artifact discussion. The analysis revealed that even though some of the participants
provided detailed descriptions on the reflection handout, these same details were not provided
during the artifact discussion. The participants recognized that the child shaded in a different
way, but they felt that she had difficulty explaining the way she added her fractions. TCA4 spoke
most often with 15 instances, TCA2 spoke on 10 occasions, TCA1 spoke on seven occasions,
and TCA3 spoke the fewest at a total of four times.
Professional noticing framework. The analysis uncovered 13 segments where participants
described how the student modeled the problem where four of them were inaccurate. The
following quotes represent one accurate and one inaccurate description of the student’s solution
process, respectively.
She took half of this [referred to the one-half] and half of that [referred to the twofourths] and put it as one. And there was one of these [referred to one-fourth] left over, so
that’s what she put there. [TCA4]
She never really stated what the whole was though. I mean, she stated what the whole pie
was, but she never stated that one circle represents one whole, you know? [TCA1]
The analysis also revealed 11 segments where the participants attempted to explain the
student’s understandings or lack of understanding. Some of the participants referred to the
student knowing, but it was unclear if the participant understood the difference between knowing
and understanding. I coded any instance of knowing as a level two code, similar to
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understanding, with the professional noticing framework. All participants provided descriptions
of understandings or misunderstandings. The following quotes express these ideas.
She knows how to model. [TCA3]
She understands fractions, like their value and how to add them. [TCA1]
She knew that the wholes are the same size. [TCA1]
She doesn’t understand the concept of shading. [TCA1]
She knew that two-fourths is the same as one-half. [TCA2]
Similar to artifact two, there were no instances of instruction-related topics.
MKT framework. The analysis indicated 16 sections where participants discussed SCKrelated topics. The participants talked about expectations they had for the student’s solution
process, which occurred three times. I labeled these expectations as KCS. When the participants
referred to the proper way to shade fractions, I coded this statement as KCT. Lastly, TCA4
mentioned that two-fourths was equivalent to one-half. I coded this statement as CCK. The
following quotes demonstrate the participants’ statements that were coded as SCK.
I can see why she colored in the one by itself in the half, because that shows what’s like
gone. [TCA4]
I put that she understands how to add fractions and understands the problem and how to
figure it out. Like she had three at first, but she knew it wasn’t right and she kind of like
put it off to the side or something, and then she crossed it out. [TCA4]
Artifact five. A detailed description of artifact five can be found in Chapter 3. This
description includes a detailed account of each child’s (i.e., Jorge and Jessica) solution process
and the mathematical understandings or lack of understanding for each child. Images of the
artifact can be found in Figures 7 and 8.
83

Reflection questions. For Jorge’s solution process, all participants but TCA2 mentioned
this child used the hexagon as his whole. All participants stated that the rhombus represented
one-third and the triangle represented one-half of the rhombus. Both of these statements were
consistent with Jorge’s explanation. All participants but TCA2 stated that the triangle also
represented one-sixth of the hexagon. TCA1 and TCA2 added additional information that was
not present in his explanation but could be seen in his work. The quotes below are the additional
statements taken from Jorge’s work. Additionally, TCA1 placed additional information to
describe Jorge’s solution process that was not present in his work or explanation. The following
quote represents TCA1’s explanation of Jorge’s work. I underlined the additional comments that
TCA1 added.
Jorge used the hexagon as the whole. He noticed that three rhombuses made up the
hexagon, so one rhombus would be equal to one-third of the hexagon. Next he noticed
that two triangles would also equal one-third so he replaced a rhombus with the two
triangles. He then realized that one-half of one-third would be one triangle and since six
triangles equals a whole hexagon that one triangle equaled one-sixth. [TCA1]
For Jessica’s solution process, her explanation was not detailed. Therefore, all the
participants used information from her work along with her explanation to describe her solution
process. The quote below demonstrates a typical description of Jessica’s solution process. Every
time that TCA2 mentioned a particular pattern block piece, that information was obtained from
the work.
Split the yellow hexagon in half into two red trapezoids [from work] and then split one of
the two red trapezoids into three green triangles [from work]. One green triangle [from
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work] out of three accounts for one-third of one-half of the whole. Multiplication.
[TCA2]
All participants except for TCA2 stated that Jessica used the yellow hexagon as her whole.
However, Jessica did not state this in her explanation, nor did she record this statement in her
work. Similar to TCA1’s additional information for Jorge’s solution process; TCA1 stated that
there were six triangles that make up the hexagon, which was not present in Jessica’s work nor
explanation.
As for the children’s understandings, the participants stated that both children understood
the values of the pieces. TCA3 and TCA4 recorded that Jorge explained his work clearly. TCA4
wrote that Jessica’s number sentence matched her model, which was an inaccuracy. TCA4
marked through this statement, however, during the artifact discussion. In reference to the
children’s lack of understanding, TCA2, TCA3, and TCA4 claimed that Jessica had the correct
solution, but her solution process was inaccurate. After the artifact discussion, TCA1 recorded a
similar statement. The following excerpt represents the recorded statement.
Jessica didn’t understand the meaning of the problem. [TCA1]
TCA3 and TCA4 claimed that Jessica found one-third of one-half; therefore, her number
sentence should have been

1 1 1
  . However, these statements were added to the reflection
3 2 6

papers during the artifact discussion. TCA4 agreed with Jessica’s inaccurate number sentence
before the artifact discussion. Lastly, TCA4 claimed that Jorge’s number sentence did not match
what he had modeled, which was also recorded before the artifact discussion.
Artifact discussion. The analysis revealed that the participants chose not to begin their
discussion with the children’s solution processes unlike artifacts one through four. However, in
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the participants’ attempt to explain what the children understood, the participants described the
way the children solved the problem. Similar to artifact two, the analysis revealed that each of
the participants provided the same amount of segments.
Professional noticing framework. The analysis indicated 13 segments in which the
participants described the children’s solution process, where two of these segments were
inaccurate. Regarding the accurate segments, seven of these segments pertained to work or
explanation and not the number sentence. The following excerpt demonstrates both an accurate
and inaccurate description of Jessica’s work. I have placed comments in the quote for
clarification.
Well, because hers [number sentence] models better with what she did, because she split
it [hexagon] up in half first. [TCA4]
This participant claimed that the provided number sentence described Jessica’s process;
however, this was an inaccuracy.
The analysis also revealed 11 segments where participants addressed the children’s
understandings or lack of understanding; four of these segments were inaccurate. TCA3 provided
the only detailed statements regarding Jorge’s understanding. The quote below represents one of
these statements.
I said that Jorge understood that one rhombus represents a third of a hexagon, and that
half of a rhombus is a triangle, which is one-sixth of a hexagon. [TCA3].
Three of the inaccurate segments referred to the number sentence. The following quote
demonstrates an inaccurate description regarding Jorge’s number sentence.
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And he [Jorge] understood more how to like split up the hexagon. But I said that he
didn’t understand it. I don’t think his number sentence went with how he modeled the
problem. [TCA4]
This segment was coded as inaccurate because Jorge’s number sentence described his solution
process. The analysis uncovered that TCA3 provided four of the accurate segments dealing with
understanding or lack of understanding.
MKT framework. The analysis revealed 14 segments coded as SCK, three segments
coded as CCK, and two segments coded as KCT. The two segments that referred to KCT
contained TCA1 and TCA3 explaining that the key word “of” meant that the operation should
have been multiplication; however, key words do not indicate a type of operation. TCA2 and
TCA3 provided the segments coded as CCK. The following quotes demonstrate these two
participants’ levels of CCK.
But with multiplication it’s like interchangeable. It doesn’t really matter I guess, so. But
like. I don’t know. Because it says you have to model half of one-third, you have to take
a third of the whole first before you can find a half of a third. [TCA2]
No, one-half times one-sixth would be one-twelfth. [TCA3]
But that’s how you get one-sixth, by multiplying one-half times one-third. [TCA3]
The first quote was coded as CCK because this participant was describing how to model the
problem that did not refer to Jorge’s or Jessica’s solution process. The last two quotes were
coded as CCK because these participants described answers to multiplication statements.
Online discussion group. For the first time in all of these discussions, the participants
provided statements that revealed their own conceptual lack of understanding. I wanted to
determine what understanding they had about the problem. I examined their posts for the online
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group discussion. TCA2, TCA3, and TCA4 had solution processes that were the same as Jorge’s.
TCA1 had a similar solution process with the exception of the whole. TCA1 decided to use three
hexagons as the whole instead of one. Where these participants differed was in their recorded
number sentences. TCA2 and TCA4 recorded division number sentences. TCA1 recorded a
subtraction number sentence. TCA3 recorded the accurate multiplication number sentence. All
four number sentences can be found below.
1 1 1
  [TCA2]
3 2 6
1
1
 2  [TCA4]
3
6

3

1
1
 2 [TCA1]
2
2

1 1 1
  [TCA3]
2 3 6

TCA2 was the only participant who provided a number sentence with an inaccurate solution.
TCA3 submitted a response on the online group discussion, which referred to the correct
solution. The following quote came directly from the discussion board.
I agree with your solution. . . . I disagree with your number sentence because one-third
divided by one-half is two-thirds and not one-sixth. Remember when you divide
fractions, you have to change the second fraction to its reciprocal (in this case the
reciprocal of one-half would be two over one) and then multiply the first fraction by the
reciprocal of the second fraction . . . and that will give you two-thirds. [TCA3]
Based on both sources of data, the participants were able to describe the children’s solution
processes, because these processes were similar to their own. However, their lack of
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understanding in recording a number sentence hindered their ability to accurately discuss the
children’s understandings and lack of understanding.
Artifact six. A detailed description of artifact six can be found in Chapter 3. This
description includes a detailed account of Maria’s solution process and the mathematical
understandings or lack of understanding for this child. An image of Maria’s work can be found
in Figure 9.
Reflection questions. For the first time, one of the participants, TCA2, did not record any
statements to describe Maria’s solution process. TCA1, TCA3, and TCA4 all provided detailed
accurate explanations for her solution process. Similar to artifact five, TCA3 provided additional
information that was not given in Maria’s work or explanation. The following quote was
provided by TCA3. I underlined the additional comment below.
Maria let a hexagon to [sic] represent one cup of sugar. Since the recipe calls for two and
a half cups of sugar, she used two hexagons and a trapezoid because a trapezoid is half
the size of a hexagon. Since Chef Frederick only had a one-third measuring scoop, she
used a rhombus to represent the measuring scoop because a rhombus is one-third of a
hexagon. Therefore, each hexagon would represent three measuring scoops because three
rhombuses equal a hexagon. Since she had two hexagons, she could get six measuring
scoops for two cups. When she separates her trapezoid into a rhombus and a triangle, she
got another scoop from the rhombus, which would give her seven scoops and since a
triangle equals one-six of a hexagon, she figured he would need seven and one-sixth
measuring scoops. [TCA3]
As for Maria’s understandings, all participants in Group 1 recorded that she understood
how to represent values with the pattern block pieces and that she understood how to split up the
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whole. However, TCA1 and TCA3 recorded the second understanding during the artifact
discussion. In reference to Maria’s misunderstandings, all participants recognized that she
misinterpreted the remaining triangle. Instead of the triangle representing one-sixth of a hexagon,
they claimed she should have written one-half scoop. TCA1 did not write any misunderstandings
before the artifact discussion; however, this participant placed several comments during the
artifact discussion. TCA3 and TCA4 stated that Maria did not know how to divide. This was an
inaccuracy for these participants, since Maria accurately modeled the problem. TCA4 was the
only participant who mentioned the number sentence. The quote below demonstrates the
statement that was recorded.
Number sentence doesn’t represent her work. [TCA4]
Based on this statement and the inaccurate division statement, I concluded that this participant
was referring to an inaccurate solution instead of an inaccurate operation within the number
sentence.
Artifact discussion. Similar to artifact five, the participants within Group 1 started their
discussion with Maria’s understandings. Even though the participants provided detailed
descriptions of Maria’s work on the reflection handouts, the analysis revealed that there were no
instances of the participants’ description of Maria’s solution process within the artifact
discussion. In comparison to artifact five, the participants did not provide descriptions of Maria’s
solution process within the interpretation of her work. Most of the comments that the participants
provided related to their own solution process for the word problem. I will provide these quotes
when I describe levels of MKT. The analysis showed that TCA4 spoke most often with nine
instances, TCA2 spoke on seven occasions, TCA3 spoke on six occasions, and TCA1 spoke the
fewest at a total of two times.
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Professional noticing framework. The analysis indicated nine segments where
participants described Maria’s understandings or lack of understanding. All participants except
TCA1 provided explanations; however, none of these statements were detailed. The following
quotes demonstrate this idea.
She knew how to split up the wholes and determine the whole. [TCA4]
For the last one, she only used half of it, and that’s how she would have to have half
instead of one-sixth. [TCA3]
Yeah, and I see where she got one-sixth just since it is [TCA4]
Because she saw a triangle. [TCA3]
Yeah, and it’s one-sixth of a whole. But since she didn’t use the whole, it’s not. [TCA4]
The last four quotes followed a back and forth conversation between TCA3 and TCA4 that took
place within the artifact discussion. The analysis revealed six segments where participants
inaccurately identified Maria’s understanding or lack of understanding. All participants in Group
1 offered inaccurate segments. The quotes below represent inaccurate interpretations.
And actually the way she’s got it shown, it would actually be one-third. [TCA1]
One-third of the whole. But she was supposed to find one-half of the third? Well, no,
because that would be one-sixth. Um, yeah, she was supposed to find half of the third
instead of the whole. [TCA3]
MKT framework. The analysis indicated nine segments coded as SCK and two segments
coded as CCK. The five accurate quotes above were also coded as SCK; therefore, I will not
state them again. As for the CCK segments, TCA4 provided both of these segments to describe
her own solution process. The following quote represents one of these coded segments.
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I did this, the two and one-half divided by one-third . . . five-halves divided by one-third,
you’ve got to flip it, that’s fifteen-halves. Two goes into 15 seven times, because that’s
14, and you’ll have one-half left over. [TCA3]
Online group discussion. Similar to artifact five, TCA2, TCA3, and TCA4 provided
statements regarding their lack of conceptual understanding. TCA4 mentioned a solution of
seven-twelfths on two occasions. TCA3 made statements about finding half of a third. Lastly,
TCA2 stated that she multiplied by one-sixth in her solution method. I examined the online
group discussion for artifact six to determine where these inaccuracies came from. TCA3 and
TCA4 modeled the problem in the exact same way as Maria. TCA1 modeled the problem using a
similar solution process, but she used circles for her cup. TCA2 described using a number line
and benchmark fractions, which was unclear. TCA1, TCA3, and TCA4 provided the same
accurate division number sentence. In contrast to these three participants, TCA2 recorded an
inaccurate multiplication number sentence. The first number sentence represents the first three
participants accurately posted response. The second number sentence below demonstrates
TCA2’s inverse operation number sentence.
2

1 1
1
  7 [TCA1; TCA3; TCA4]
2 3
2

1
1
1
 7  2 [TCA2]
3
2
2

Unlike artifact five, where the inaccuracies from the online group discussion helped to explain
why there were inaccuracies within the artifact discussion; no such comparison can be made for
TCA3 and TCA4. However, TCA2 provided a segment that was similar to her explanation for
the online group discussion. The following quote demonstrates this idea.
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I remember I had like one-sixth in mine somewhere. I think I multiplied mine by onesixth. [TCA2]
Group 1 Summary. In reference to the reflection questions, at least half of the
participants provided detailed explanations of the students’ solution processes on all six artifacts.
For artifacts five and six, participants provided additional information not present in the students’
explanation but present in the students’ work. Additionally, participants provided descriptions in
the students’ solution processes that were not present in either part.
With regards to the artifact discussions, at least half of the participants were able to
provide detailed explanations of the students’ solution processes on three of the artifacts.
Participants were able to accurately identify most of the students’ understandings and
misunderstandings on all six artifacts. However, participants recorded inaccuracies on artifacts
three, four, five, and six. The inaccuracies on artifact three pertained to precision with terms and
symbols. The inaccuracies on artifact four surrounded an alternate way to shade fractions. The
inaccuracies on artifact five developed based on the participants’ own conceptual
misunderstandings. Lastly, the inaccuracies on artifact six were related to Maria’s
misunderstanding.
After analyzing all six artifacts, I have provided the number of times each code appeared
for each artifact discussion, which can be found in Table 11. Artifacts two and four were the only
artifacts that included video. The participants did not discuss instructional decision-making for
these two artifacts. The participants did not provide any detailed inaccurate segments in regards
to the students’ understandings or lack of understanding.
The analysis revealed 134 segments coded with the professional noticing framework. For
Group 1, the participants provided 99 accurate segments, which was equivalent to 73.88%. The
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participants supplied 20 detailed segments, which was equivalent to 14.93% of the total
segments. Lastly, the participants provided 19 accurate detailed segments, which was equivalent
to 14.18% of the total segments.
The analysis indicated 116 segments coded with the MKT framework. The participants
supplied 73 segments coded as SCK, which was of particular interest for this study. All of the
segments coded as MKT referred to accurate statements made pertaining to a specific domain.
Most of the segments that were coded reflected a very low level of knowledge. In most instances,
the comments that were coded as MKT related to the topics within that domain; however, the
participants may not have possessed the knowledge related to that domain.
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Table 11
Amount of Codes per Artifact for Group 1
Artifacts
Codes
100
101
110
111

1
--6
4

2
2
-6
--

3
2
1
2
3

4
4
-9
--

5
2
-10
1

6
-----

Total
10
1
33
8

200
201
210
211

3
-9
1

1
-3
2

1
-5
4

3
-8
--

4
-5
2

6
-9
--

18
0
39
9

300
301
310
311

5
--1

-----

1
-5
1

-----

--2
--

--1
--

6
0
8
2

CCK
SCK
HCK
KCS
KCT

4
14
1
8
5

3
9
----

4
11
--4

1
16
-3
1

5
14
--2

2
9
----

19
73
1
11
12

Note: All number codes pertained to the professional noticing framework; All letter codes related
to the MKT framework; The dashes represent places that data were not present.
Group 4. TCA5, TCA7, and TCA8 were present for all six artifacts. TCA6 was present
for artifacts two through six. In the following paragraphs, I will summarize both the comments
written on the reflection handouts and the artifact discussions. The comments that participants
recorded on the reflection handouts during the artifact discussion will be in bold.
Artifact one. A detailed description of artifact one can be found in Chapter 3. This
description includes a detailed account of each child’s solution process and the mathematical
understandings or lack of understanding for each child. Images of the artifacts can be found in
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Figures 1, 2, and 3. TCA6 will not be mentioned in the analysis for artifact one because this
participant was absent on this day. Therefore, when I mention all participants in artifact one, I
will be referring to TCA5, TCA7, and TCA8.
Reflection questions. All participants stated that student one folded the paper to create the
fractions. TCA7 and TCA8 provided detailed explanations using one of the fractions. The
following quote demonstrates one of the detailed descriptions for student one’s solution process.
Student one shaded each fraction by folding the paper into the number of equal parts
needed shown by the denominator. Once they folded the paper into that number of equal
parts they shaded one of the parts. Example one-fourth – folded into four equal parts and
shaded one of the four equal parts. [TCA8]
All participants mentioned that student two modeled one-half correctly. Additionally, all
participants stated that student two shaded the number of parts that were present in the
denominator. The excerpt below represents a common statement written about student two’s
solution process.
Student two only shaded one-half correctly. For one-third, one-fourth, and one-sixth, he
shaded the number of the denominator. None of the shadings actually equal the fraction
except for one-half. [TCA5]
For student three, TCA5 reported that this student had a different way of thinking. TCA7 and
TCA8 provided detailed explanations regarding student three’s solution process. The following
quote expresses this idea.
They shaded by grouping. They marked off every group by what the denominator was
and then shaded one in each group. Ex: one-half, every two, and then when they had done
each group they counted how many they had shaded for the whole. [TCA7]
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All participants expressed that student one understood folding to make equal parts. All
participants mentioned that student two understood how to represent half; however, after the
artifact discussion, TCA5 and TCA8 recorded that student two did not understand the concept or
value of fractions. TCA7 did not record any understandings for student three. TCA5 and TCA8
stated that student three understood how to group, but did not group in an appropriate way. This
last statement was inaccurate. Similarly, TCA7 did not record any misunderstandings before the
artifact discussion and then wrote a similar statement to TCA5 and TCA8 regarding student
three’s misunderstanding.
Artifact discussion. The analysis revealed that all of the participants were able to interpret
the children’s understandings and misunderstanding. The participants mentioned that student one
folded to create equal parts. Additionally, the participants stated that student two did not
understand the concept of fractions and student three understood fractions as grouping sections
of the denominator. TCA5 and TCA8 each spoke on 18 occasions. TCA7 spoke on 10 occasions.
Professional noticing framework. The analysis revealed nine segments where participants
described how the students modeled the four fractions. Two of the descriptions were inaccurate
and two of the accurate statements were detailed. Only TCA7 and TCA8 provided accurate
segments. The first quote below represents a detailed description of student one’s model for onehalf. The second quote below demonstrates a description of student two’s solution process that
lacked detail.
She was saying about the six sections is there’s one, two, three, four, five, six to make up
one-half. [TCA8]
They just colored it by what the denominator was. [TCA7]
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Within the discussion, there was a debate on what six sections meant. TCA8 used this segment to
explain to the other participants that the sections referred to the twelfths on the strip.
The analysis indicated 16 segments where participants accurately discussed the students’
understandings or lack of understanding. All participants provided these statements, and TCA8
provided one detailed segment among the 16 recorded. The following quotes illustrate an
accurate detailed statement about student one’s understanding and an accurate statement about
student one’s understanding that lacked detail, respectively.
Understood the content of fractions and like that you were supposed to fold it, and the
amount goes in the denominator, like divided by two or divided by three, and folded by
those numbers. [TCA8]
Yeah, I said that student one, she folded it correctly and like knew what the fractions
equaled and all of it. [TCA5]
Lastly, two participants, TCA7 and TCA8, made instruction-related statements. TCA7
stated that student three’s solution method was not the best way to show division. Student three’s
process represented fractions as a ratio; therefore, I coded this statement as inaccurate. TCA8
mentioned a common method used by teachers in regards to folding paper in half. This statement
was presented by TCA8 as an explanation for why student two would be able to model one-half
and not understand the concept of fractions.
MKT framework. The analysis indicated one segment as CCK, 20 segments as SCK, one
segment as KCS, and one segment as KCT. The segment coded as KCT was the same quote
from TCA8 that I described in the previous paragraph. The following quote demonstrates one
segment that was coded for CCK, SCK, and KCS. I have placed comments at the completion of
each coded phrase.
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I think it [student three’s solution process] was kind of effective. [SCK] I kind of started
doing mine that way when I did it [CCK], because it’s like grouping and it might be
easier for them [SCK], but I still think student one was like expected [KCS]. [TCA7]
Artifact two. A detailed description of artifact two can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child. Images of the artifact created from the
video can be found in Figure 4. In contrast to artifact one, all four participants were present for
artifact two discussion. Therefore, when I mention all participants, I will be referring to TCA5,
TCA6, TCA7, and TCA8.
Reflection questions. All participants in Group 4 stated that the female child used a candy
bar to compare her fractions. TCA6 only described the child’s solution process for the first pair
of fractions. TCA8 provided slightly more information by including the fact that the child had
some answers that were incorrect. TCA7 gave slightly more information than TCA8 by stating
that the child would choose one if compared with a fraction. TCA5 recorded the female child’s
entire solution process. The following excerpt was taken from TCA5’s reflection handout.
She knew one-sixth was greater than one-eighth because of comparing it to cutting a
candy bar. For one-seventh and two-sevenths, even though she marked one-seventh, she
second guessed herself and wished she would have put two-sevenths. Whenever the girl
saw the option of one she circled it knowing it represented a whole without even thinking
about what the fraction represented. Also, when she saw one-half, she said it was bigger
than three-sixths because with one-half you’d only cut a cake one time. [TCA5]
Two of the participants, TCA5 and TCA8, stated that the child understood that one was a whole.
All participants recognized that the child could compare unit fractions but did not use this
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terminology. TCA6 and TCA8 stated that the larger denominator meant that the pieces would be
smaller. TCA5 and TCA7 mentioned that one-sixth would have larger pieces. All participants
recorded the same misunderstandings for this female child. The quote below represented a
typical explanation.
She does not understand that any number over itself equals one. She also does not
understand that even though some fractions, like three-sixths and one-half, look different,
that they are equal. She also does not understand that if the numerator is larger than the
denominator, it is greater than one. [TCA7]
Artifact discussion. Out of all of the artifact discussions up to this point including the
discussions from Group 1, the segments from this discussion had the most detail. The details
provided by the participants were at a much deeper conceptual level than other segments that
were coded as detailed. The analysis revealed that the participants spoke roughly the same
amount of times; however, this discussion was much shorter than the first discussion. Each
participant provided approximately three segments.
Professional noticing framework. The analysis indicated one detailed segment that was
supplied by TCA8. This description was embedded within an explanation of the female child’s
understanding or lack of understanding. The analysis also revealed 11 segments, five of these
segments were detailed, in which participants described the child’s understanding or lack of
understanding. The following quotes are examples of these detailed explanations. In the first
quote, I have underlined the descriptive statement described above.
What I said she was doing, because she kept saying like it was cut. So I think like she
said it for the three-sixths and one-half, she said one-half is only one cut. So the threesixths would be six cuts. And so she was thinking of like how many times do I have to,
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how many pieces do I have? But then she didn’t think of the numerator and how many
times she had those pieces. I think if she saw that she had all four of the four pieces, she
would know that she had the whole. And I think if she saw that she had all three of the
six pieces, she would know she had half. But I think she wasn’t thinking about the
numerator, she was only thinking of how many times do I get to cut this. [TCA8]
Or she doesn’t get that if the numerator is bigger than the denominator then it’s bigger
than one. [TCA7]
She’s just like completely ignoring the numerator in these other than like the first one,
she didn’t have to look at the numerator because it was one in both, and then the second
one, she first circles one-seventh, but I think then she looked at it, but all the other ones
she just like completely ignored the numerator. But if she would have paid attention, then
she would have gotten them right. [TCA8]
The italicized statement above represents the segment that was coded as inaccurate instructional
decision-making. I made this judgment because research has indicated that it would take more
instructional intervention to help this child overcome her misconceptions rather than telling her
that she needs to pay attention. This child has conceptual misunderstandings that would need to
be addressed. A potential instructional intervention could represent having this child model the
two values and presenting a sequence of questions to correct her inaccuracies. This is not the
only instructional intervention that could be used.
MKT framework. The analysis revealed 10 segments coded as SCK. The quotes provided
above were coded as SCK with the exception of the italicized portion. Additionally, the
following quotes were labeled as SCK.

101

I said that like this was one she actually understood because of a candy bar and so she
knew that if you took, um six pieces of a candy bar, that you’d have bigger slices than if
you had to do eight. [TCA5]
Yeah, that’s what I said. And I said she like kind of knew that for the second one too.
Like she caught herself like thinking, oh, I have two pieces of the same size. [TCA8]
Artifact three. A detailed description of artifact three can be found in Chapter 3. This
description includes a detailed account of each pair’s solution process and the mathematical
understandings or lack of understanding for each pair of children. Within this artifact, three pairs
of students presented their work: Jalessa and Rachel, Omar and Marcus, and Tim and Daniel. I
will refer to each of these as pair one, pair two, and pair three, respectively.
Reflection questions. TCA5, TCA6, and TCA7 mentioned that the rectangle represented
100%. TCA7 and TCA8 recorded accurate descriptions of pair one’s solution process. Similar to
artifact three in Group 1, TCA5 and TCA6 in Group 4 provided inaccurate statements within
their descriptions. These two participants provided multiplication expressions in the reverse
order, which was an inaccuracy. Additionally, TCA5 introduced how pair one found each
square’s percentage, which was not provided by pair one. However, TCA5 recorded this
statement inaccurately, 40 divided by 100.
For pair two, all participants provided accurate explanations of this pair’s solution
process. TCA6 failed to mention the size of the rectangle. The following excerpt was taken from
TCA6’s reflection handout.
Marcus divided the whole rectangle up into six different sections that contained six
squares. That method only worked for 90% of the rectangle, so they divided 90 by the six
squares that were shaded and came up with 15%. [TCA6]
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TCA6 provided an inaccurate statement in the above excerpt. The 90% should have been divided
by six; however, the six referred to the six rectangles not the six shaded squares. For pair three,
all participants wrote appropriate explanations to describe their solution process.
TCA5, TCA7, and TCA8 claimed that pair one understood that the entire rectangle
represents 100%. Similarly, TCA5 and TCA7 claimed that same understanding for pair two.
TCA6 mentioned that all pairs understood that each column should have equal value. Likewise,
all pairs understood that each square should have equal value. However, TCA6 did not provide
any misunderstandings for the children on this artifact. TCA7 was the only participant to state
the inaccuracy in the group discussion. The following excerpt was taken directly from the
reflection handout.
The students commenting on Jalessa and Rachel didn’t understand that the whole equaled
one and the rectangle was equal to 100%. They had problems figuring out that each
square would be worth more than one percent each because there was [sic] less than 100
squares. [TCA7]
Artifact discussion. The analysis revealed that all of the participants, except for TCA6,
provided accurate accounts of the students’ solution processes. All but one inaccuracy was from
lack of precision (e.g., leaving off the percent symbol). The participants claimed that all of the
students understood how to find the percentage of their shading. The analysis showed that TCA8
spoke most often with 13 instances, TCA7 spoke on nine occasions, TCA5 spoke on eight
occasions, and TCA1 spoke the fewest at a total of two times.
Professional noticing framework. The analysis indicated 17 segments where participants
described the students’ solution processes. There were three detailed segments among the 10
accurately identified descriptions that were mentioned by TCA8 and TCA5. The following
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quotes illustrate an accurate detailed depiction of pair two’s solution process and an accurate
description pertaining to Michael, respectively. I have underlined all inaccuracies. All of these
inaccuracies represent lack of precision.
They shaded those six and they just happened to be in that formation [2 x 3], so they’re
like how many of these can we fit into our square? And then they did it six times and
realized they had that left over. And I think that’s when they found out the 10 and 90.
[TCA8]
Yeah, they [Jalessa and Rachel] must have [referred to dividing to find the percentage of
each square], because the rectangle represents 100 percent. So each small square would
be two and a half. [TCA5]
All four participants in Group 4 provided descriptions of the children’s understandings or
misunderstandings. The analysis uncovered nine segments coded as accurate descriptions of
understanding or lack of understanding, with two of these segments being detailed. The
following quotes represent these segments.
Jalessa and Rachel understood that the whole figure, like no matter how much is in it, that
it always equals one, or like 100 percent. [TCA7]
I did say that I think that all of them understood that everything had to be equal in value
like columns and sections, squares, whatever they’re dividing, they need to be equal.
[TCA6]
Unlike artifacts one and two, none of the participants discussed instruction-related topics
MKT framework. The analysis revealed 14 segments coded as SCK. The following quote
represents a typically coded SCK segment.
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It says, there are 40 squares in the rectangle. The rectangle represents 100 percent, so
each small square would have to be two and a half. I guess they just like divided or
something, but like. I just didn’t know because all the other people have like a process of
showing like how they found each one was two and a half, and they didn’t. So I just
didn’t know if they like just divided sort of in their head. [TCA8]
Artifact four. A detailed description of artifact four can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child. An image of the artifact created from the
video can be found in Figure 6.
Reflection questions. All participants except for TCA8 provided detailed explanations for
this child’s solution process. Even though TCA6 had a detailed explanation of her work, she
failed to mention how the student shaded the fractions. The following description was a typical
detailed explanation.
She drew the circle and separated it into one-fourth pieces for three-fourths. She shaded
one of the four pieces, but knew the three she didn’t shade represented three-fourths. She
correctly shaded one-half but counted the unshaded part to represent the one-half. She got
the right answer of one and one-fourth by drawing the one-half and adding two of the
three-fourth pieces. Since one piece of one-fourth is left over, that’s how she got one and
one-fourth as the answer. [TCA5]
TCA5, TCA7, and TCA8 believed that this child understood how to add fractions to make a
whole. TCA6 and TCA8 claimed that she knew two-fourths was equivalent to one-half. TCA5,
TCA6, and TCA7 mentioned that she understood how to shade fractions. Lastly, TCA5 and
TCA8 believed that the child could correctly interpret remaining pieces. As for the child’s
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misunderstandings, all participants stated that this child had no misunderstanding. TCA5, TCA7,
and TCA8 recorded that she shaded fractions in the opposite way, but this method was still
appropriate.
Artifact discussion. The analysis revealed that even though most of the participants
provided detailed descriptions of the child’s solution process and understandings on the
reflection handouts, their discussion of the student’s solution process and understandings was not
detailed. Similar to artifact discussion two, the participants began their discussion with the
child’s mathematical understandings. The analysis revealed that TCA5 spoke most often with
eight instances, TCA8 spoke on six occasions, TCA7 spoke on five occasions, and TCA6 spoke
the fewest with two occasions.
Professional noticing framework. The analysis indicated that TCA5 and TCA7 provided
the only segments where the child’s solution process was discussed. The following quotes
represent two of these four segments.
Shaded was like what you don’t have. [TCA7]
That’s what I thought too. I just said, draw the arrows, but I was like here’s this piece
[one-half], and here’s her two [two-fourths] that should shade, and here’s the leftover
[one-fourth]. [TCA5]
The last quote was in reference to a question the instructor of the section asked this group. The
instructor noticed that all of the participants had markings on the child’s work. This instructor
asked what these markings stood for. TCA5 explained that each marking represented what the
child moved. I placed comments in the quote to make this statement more clear.
The analysis also revealed 12 segments where participants accurately discussed the
child’s understandings, with one of these statements detailed. TCA5, TCA7, and TCA8 all
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provided these segments. The following quotes represent one detailed description and one
description that lacked detail, respectively.
She does [understand how to shade fractions]. It’s just not what we’re used to doing, like
shading the three out of the four instead of the one-fourth that you don’t use. Because the
first time I saw this [recreated work], I thought she didn’t understand it, but when I
watched her draw it, I guess I saw more of what she was thinking. [TCA5]
And like a half equaled two pieces. I guess she understood equivalent fractions. [TCA8]
MKT framework. The analysis indicated 13 segments coded as SCK and three segments
coded as KCT. When the participants referred to the proper way of shading fractions, I coded
these statements as KCT. TCA5’s italicized quote above was one of the three segments that were
coded as KCT. The following quotes demonstrate segments that were coded as SCK.
I thought she understood it all. And I thought she did a good job. And like this is a half,
and two of these equals a half. [TCA8]
She understands like what it like took to make a whole. [TCA7]
In many instances, during the discussion of the artifact, the participants used the work to explain
or describe. Therefore, their statements often had “this,” “that,” or “there” rather than giving the
specifics for each piece.
Artifact five. A detailed description of artifact five can be found in Chapter 3. This
description includes a detailed account of each child’s (Jorge and Jessica) solution process and
the mathematical understandings or lack of understanding for each child. Images of the artifact
can be found in Figures 7 and 8.
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Reflection questions. For Jorge’s solution process, all participants provided explanations
that were consistent with his solution process. The following quote represents a typical
description of Jorge’s solution process.
Jorge first stated the whole. He then divided it into three pieces, so he could find out what
one-third was. Then he divided the one-third in half to find one-half of one-third which
was a green triangle or one-sixth of the whole. [TCA8]
The other participants in Group 4 provided the names of the pieces in their descriptions.
For Jessica’s solution process, all participants accurately recorded her process. Similar to
Group 1’s statement, TCA5, TCA7, and TCA8 provided additional statements that were present
in her work but not her explanation. TCA6 and TCA7 mentioned that Jessica used a hexagon as
the whole; however, Jessica did not make this statement in her explanation nor her work. The
excerpt below represents these ideas. I underlined the additional information.
Jessica drew the whole hexagon as well but then cut it in half making two trapezoids.
Then she made one of the trapezoids cut into thirds, leaving one green triangle as well.
Her number sentence was

1 1 1
  . [TCA5]
2 3 6

As for the children’s understandings, all participants reported that both children
understood how to model parts of a whole or parts of fractions. Additionally, all participants
mentioned that Jorge understood everything about the problem, which included the correct order
to model the parts.
As for Jessica’s lack of understanding, all participants believed that she modeled the
problem backwards. They claimed that she modeled one-third of one-half, but was still able to
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get to the correct answer. The following quote was written on TCA6’s reflection handout during
the artifact discussion.
Jessica understood how to model a fraction, but she didn’t understand how to model
the problem. She also didn’t understand the order in which to make her number
sentence. [TCA6]
TCA5 and TCA8 recorded statements that made a connection to whole number multiplication
where the first number in the statement represented the number of groups and the second number
in the statement represented the size of the group. Their example referenced sets of apples.
Artifact discussion. Unlike the other artifact discussions, the analysis uncovered a limited
amount of segments where participants discussed the children’s solution process and
understandings or lack of understanding. There were also long sections of the discussion where
none of the participants said anything. Toward the middle of the discussion, the participants
stopped talking about the children’s solution processes and mathematical understandings or lack
of understanding and began discussing their own. The analysis revealed that TCA5 and TCA7
spoke the same amount of segments with a total of nine, TCA6 spoke on seven occasions, and
TCA8 spoke the fewest with five instances.
Professional noticing framework. The analysis indicated three segments where
participants mentioned the children’s solution processes and eight segments where participants
described the children’s understanding or lack of understanding. Only one of the eight segments
provided was coded for detail. The following quotes represent a description of Jessica’s solution
process that lacked detail and a detailed interpretation of her understandings and lack of
understanding, respectively.
Jessica, like she did one-third of one-half. [TCA7]
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I feel like she did understand that, she knew how to model a half, how to model a third
and how to break those up, but she just didn’t answer the problem correctly. Because she
found . . . the third of the half rather than half of the third. [TCA8]
MKT Framework. The analysis revealed 11 segments coded as SCK, five segments as
CCK, and two segments coded as KCT. The two segments coded as KCT contained TCA6
explaining that the key word “of” meant that the operation should have been multiplication;
however, key words do not imply a type of operation. TCA7 mentioned a connection with whole
number multiplication. This participant referenced her course packet and an array multiplication
word problem that helped to find a similarity in writing the number sentence. In multiplication,
each factor within the expression represented a certain description. This participant used these
descriptions to determine which order her values should be placed. TCA5, TCA6, and TCA8
provided segments coded as CCK. The following quotes demonstrate these segments.
I know when you’re dividing fractions; you multiply by its reciprocal. [TCA6]
Yeah, because you flip it and so then it is one-half. [TCA5]
I know when you’re dividing fractions, you multiple by its reciprocal. [TCA6]
TCA5 and TCA8 recognized that division will provide an accurate answer; however, these
participants did not realize that the multiplication statement indicated one-third of one-half.
Artifact six. A detailed description of artifact six can be found in Chapter 3. This
description includes a detailed account of Maria’s solution process and the mathematical
understandings or lack of understanding for this child. An image of Maria’s work can be found
in Figure 9.
Reflection questions. All participants provided accurate descriptions of Maria’s solution
process. However, the participants failed to provide all the details that were in her solution
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process. All the participants stated that the hexagon represented the cup of sugar, and the
rhombus, which was a third of the hexagon, represented a scoop. TCA5 was the only participant
to describe how Maria separated her trapezoid into a rhombus and a triangle. However, all
participants stated that there were seven rhombi and a half of a rhombus within her cups of sugar.
As for Maria’s understandings, all participants in Group 4 recorded that she understood
how to represent values using the pattern block pieces and how to represent parts of these values.
The following excerpt represents TCA7’s recorded description of Maria’s understandings.
The child understood how to make one-third of the half and then refer that back to the
whole. They also understood that each hexagon would equal a cup since there were three
(one-thirds) in each whole. [TCA7]
All of the participants recorded statements during the artifact discussion for Maria’s
misunderstandings. However, TCA6 and TCA7 did not have any statements recorded before the
artifact discussion. All participants claimed that she misinterpreted the value of the remaining
triangle. The following quotes express this misinterpretation.
She didn’t need to use one-sixth, wrong units by saying scoops. It is half of a
rhombus, not a one-sixth of a rhombus. [TCA5]
Towards the end, she didn’t realize that she was working with scoops. So half of the
rhombus would be half of the rhombus not one-sixth. If it [sic] one-sixth, then the
answer would be in cups. [TCA6]
She didn’t understood [sic] that it was one-half of a scoop rather than one-sixth of a
whole. [TCA7]
She takes the triangle as one-sixth of the hexagon or cup rather than the scoop. It would
be one-half of a scoop! [TCA8]
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TCA5 stated confusion with Maria’s number sentence. This participant thought that the division
seemed right but were not confident in this assumption. TCA5 also recorded a number sentence
during the artifact discussion, which can be found below.
1 3
1
2   7 [TCA5]
2 1
2

Artifact discussion. Similar to artifact three and four, the participants chose to begin their
discussion with Maria’s understandings. The analysis revealed that all of the participants
believed that Maria accurately modeled the problem. They claimed that she understood the
problem until she provided her answer. The participants stated that she mixed her wholes when
recording her solution. The analysis indicated eight instances where TCA8 spoke, TCA5 spoke
on six occasions, TCA7 spoke on five occasions, and TCA6 spoke the fewest with three
instances.
Professional noticing framework. The analysis revealed only one segment regarding
Maria’s solution process. TCA5 described counting the number of rhombi and stated the value
that Maria assigned to the remaining triangle.
All the participants provided segments that referred to Maria’s understandings or lack of
understanding. The analysis revealed that TCA8 provided five of the eight segments coded as
interpretation of the work. Additionally, TCA8 supplied all three detailed segments. All of the
segments referred to her lack of understanding in reference to the triangle’s value. The following
quote demonstrates a detailed segment provided by TCA8.
She did all this correctly, modeling, but then when she had gotten to the end, she did like
one-sixth of a cup, because she was comparing it to this [hexagon], but she needed to
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compare it out of the scoops, and a scoop was a rhombus. So it’s only half of a rhombus
rather than a sixth of a rhombus. [TCA8]
In contrast to artifacts three, four, and five, the analysis indicated one detailed segment
where TCA8 provided an instruction-related suggestion to help Maria understand why one-sixth
would not be an appropriate response. The following excerpt represents this suggestion.
If she would have like actually worked that out [the number sentence] then she could
have seen where she had her mistake. Yeah, like if she would have double-checked her
math after like, because we said that her units are wrong here, like they should be a half
of a rhombus because she’s answering in scoops. But if she would have gone back and
1
checker her math problem, it would have been wrong. Because we did 2  3 , because
2

we were dividing this, and got seven and one-half rather than seven and one-sixth.
[TCA8]
I decided to code parts of this segment as pertaining to instruction because the model for a
problem should match the procedures used to complete the mathematics. If these solutions do not
match, then one of the parts (model or procedure) would be inaccurate. However, there should be
more help from the teacher than being told to “check your work.” The underlined segment was
coded as describing Maria’s misunderstanding.
MKT framework. The analysis revealed 10 segments coded as SCK and two segments
coded as CCK. The following statements were coded as SCK.
I said she understood everything up until determining that unit. [TCA8]
She did this [triangle] as one-sixth, and she was comparing it to one-sixth of a cup, but
she was answering in scoops. [TCA8]
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I think her number sentence is right, but it’s like the one-sixth is not. [TCA5]
The segments coded as CCK pertained to the procedure for dividing fractions.
Group 4 Summary. In reference to the reflection questions, at least half of the
participants provided detailed explanations of the students’ solution processes on all artifacts
except for artifact six. For artifact five, participants provided additional information not present
in the students’ explanation but present in the students’ work. Additionally, one participant
provided descriptions in the students’ solution process that was not present in either part.
Participants were able to accurately identify accuracies and inaccuracies within the students’
solution processes on all six artifacts. However, participants recorded inaccuracies on artifact
three. The inaccuracies on artifact three pertained to precision with terms and symbols as well as
recording statements in reverse order. For example, one participant wrote 40 divided by 100
instead of 100 divided by 40.
After analyzing all six artifacts, I have provided the number of times each code appeared
for each artifact discussion, which can be found in Table 12. The participants did not discuss
instructional decision-making for artifacts three, four, and five. The participants did not provide
any detailed inaccurate segments in regards to the students’ understandings or lack of
understanding. The participants did not provide any segments coded as HCK.
The analysis revealed 105 segments coded with the professional noticing framework. For
Group 4, the participants provided 92 accurate segments, which was equivalent to 87.62%. The
participants supplied 20 detailed segments, which was equivalent to 19.05% of the total
segments. Additionally, all of the detailed segments that were provided were accurate.
The analysis indicated 92 segments coded with the MKT framework. The participants
supplied 78 segments coded as SCK, which was of particular interest for this study. Most of the
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segments that were coded reflected a very low level of knowledge. In most instances, the
comments that were coded as MKT related to the topics within that domain; however, the
participants may not have possessed the knowledge related to that domain.

Table 12
Amount of Codes per Artifact for Group 4
Artifacts
Codes
100
101
110
111

1
2
-5
2

2
---1

3
7
-7
3

4
--4
--

5
--3
--

6
--1
--

Total
9
0
20
6

200
201
210
211

--15
1

--6
5

2
-7
2

--11
1

--7
1

--5
3

2
0
51
13

300
301
310
311

1
-1
--

1
----

-----

-----

-----

---1

2
0
1
1

CCK
SCK
HCK
KCS
KCT

1
20
-1
1

-10
----

-14
----

-13
--2

5
11
--2

2
10
----

8
78
0
1
5

Note: All number codes pertained to the professional noticing framework; All letter codes related
to the MKT framework; The dashes represent places that data were not present.
Section A Analysis
The participants within section A were able to identify understandings and
misunderstandings for the children in all six artifacts. The recorded statements found on the
reflection handouts, however, tended to be more detailed than the descriptions and interpretations
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during the artifact discussions. Even though most of the artifact discussions were not detailed,
the participants in both sections provided segments coded at a level one in terms of robustness,
which means that these statements were detailed. Group 1 provided 15.32% of their total
segments coded at a level one with regards to robustness. Group 4 supplied 19.05% of their total
segments coded at a level one in terms of robustness. In the following paragraphs, I will discuss
uncertainty, knowledge, and unexpected student solution processes as it pertained to participants
for all six artifacts.
Uncertainty. Both groups within this section were provided with an explanation and
work for all six artifacts. Group 1 and Group 4 did not express uncertainty when providing
descriptions and interpretations for the children within these artifacts. When information was
missing in the explanation or work, the participants would use the other part of the artifact to
complete their descriptions and interpretations. Therefore, the participants had enough details
within their artifacts to provide segments with certainty.
Knowledge. For both groups within Section A, the participants did not attend to
precision. When their discussions involved percent values, these participants did not consistently
use percent symbols. For Group 1, the participants possessed a conceptual misunderstanding for
artifact five, which pertained to the number sentence. This misunderstanding prevented this
group from accurately discussing the children’s understandings and misunderstandings for the
same topic.
Even though Group 1 provided inaccurate statements because of their conceptual
misunderstanding, the participants in this group provided 79.34% of their total segments coded at
a level one with regards to accuracy. In contrast, Group 4 did not contain this conceptual
misunderstanding. The participants in this group supplied 87.62% of their total segments coded
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at a level one in terms of accuracy. When comparing these two values, Group 4 provided more
statements that were coded at a level one. Additionally, when the participants in these two
groups were able to understand the children’s solution processes, the discussions focused more
on interpreting the children’s understandings or misunderstandings, as evidenced by Group 4
providing almost twice as many level two segments as level one segments. In contrast, Group 1
provided approximately the same amount of level one as level two segments. Additionally, with
regards to the MKT framework, the group that possessed the conceptual misunderstandings,
Group 1, provided more CCK segments with 19 as compared to Group 4, which did not have the
conceptual misunderstandings, with eight segments. Both groups were able to provide a
substantial amount of SCK segments across all six artifacts.
Unexpected solution processes. Student three on artifact one and the child on artifact
four used unfamiliar or unexpected ways to solve these problems. Both groups recognized that
student three’s method was a unique way of modeling fractions; however, these two groups were
able to determine that this unique way of modeling fractions was appropriate. In contrast, Group
1 stated that the child on artifact four did not shade her fractions appropriately, whereas Group 4
found this method to be appropriate. In reference to the professional noticing framework, Group
4 provided no inaccurate segments on artifact four in regards to this child’s solution method or
understandings or misunderstandings. In contrast, Group 1 supplied seven total inaccurate
segments that pertained to the child’s solution process and understandings or misunderstandings.
Section B (Explanations)
The two groups of interest from Group B were referred to as Group 2 and Group5B. The
B that was included within this name is to distinguish between Group 5 in section B and Group 5
in section C that was also of interest to this study. The participants within these two groups were
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labeled as follows: TCB1, TCB2, TCB3, TCB4, TCB5, TCB6, TCB7, and TCB8. Group 2
consisted of teacher candidates 1-4 and Group 5B consisted of teacher candidates 5-8. Labels
were placed on participants based on alphabetical order within the group. In the following
paragraphs, I will describe each group as a whole and compare the two groups for the second
unit of analysis.
Group 2. TCB1, TCB2, and TCB4 were present for all six artifacts. TCB3 was present
for all artifacts except for artifact three. In the following paragraphs, I will summarize the
comments written on the reflection handouts and the artifact discussions. The comments that
participants recorded on the reflection handouts during the artifact discussions will be in bold.
Artifact one. A detailed description of artifact one can be found in Chapter 3. This
description includes a detailed account of each child’s solution process and the mathematical
understandings or lack of understanding for each child. Images of the artifacts can be found in
Figures 1, 2, and 3. Section B received the written explanations within these figures.
Reflection handouts. All participants provided accurate statements regarding the solution
process for each child with the exception of TCB4. TCB4 stated that student three created two
groups to represent one-half instead of six groups. Even though all participants provided accurate
statements, these statements were not detailed for student one’s solution process. TCB2 and
TCB3 mentioned the student folding to create the fractions. TCB1 and TCB3 stated that the
student shaded the numerator of the fraction. TCB4 provided an explanation involving
equivalent fractions with twelfths. The following quote represents TCB3’s statements regarding
folding and shading the numerator.
Student one folded to show equal parts of the whole. Shaded to rep. [sic] the parts in
question (numerator). [TCB3]
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For student two, TCB1, TCB2, and TCB3 provided generalizations rather than a description of
each fraction that referred to shading the value in the denominator. TCB4 provided another
description using equivalent fractions with twelfths for this student’s solution process. The quote
below demonstrates one of the above generalizations.
I think that the [sic] focused more on how many were in the denominator to shade instead
of how many equal groups there was suppose to be. [TCB2]
All participants provided detailed descriptions for student three’s solution process. These
statements referred to grouping the whole based on the denominator and shading one within each
group. The following quote expresses this idea and contained the only inaccuracy provided for
all three solution processes. I underlined the inaccurate statement.
1
= Made two sep. [sic] groups, shaded one piece out of each group. (Two pieces
2

shaded)
1
= Made four sep. [sic] groups. (Four pieces shaded)
3

1
= Made three sep. [sic] groups. (Three pieces shaded)
4
1
= Made two sep. [sic] groups. (Two pieces shaded) [TCB4]
6

As for the students’ understandings, TCB3 stated that students one and three understood
equal-sized groups. TCB1 mentioned that student two has some understanding of fractions. The
other participants recorded a similar statement during the artifact discussion. The following
quote describes this understanding.
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Student two understands that a fraction is part of the whole and denominator is relevant
in shading, but [sic] not [sic] a good grasp on value versus equal parts. [TCB1]
In regards to the students’ lack of understanding, all participants believed that student two
did not understand equal parts. TCB1 introduced the term “unit fraction.” All participants but
TCB1 claimed that student three’s process was confusing or wrong. However, these statements
were marked through during the artifact discussion.
Artifact discussion. The analysis revealed that all participants were able to describe
solution processes and interpret understanding for students one and two. All participants but
TCB1 thought that student three’s method was inaccurate. However, TCB1 was able to convince
the other participants that this was an appropriate method by acting it out with the fraction strips.
TCB1 and TCB4 dominated this long discussion with 19 and 17 segments, respectively. In
contrast, TCB2 and TCB3 spoke on seven and nine occasions, respectively.
Professional noticing framework. The analysis indicated four segments in which
participants inaccurately described the students’ solution processes, with one of these segments
being detailed. The following excerpt provided by TCB4 accurately described student three’s
method for representing one-third; however, TCB4 stated that this method was for one-fourth.
One-fourth, separated it in four groups and then with three each, shading one out of each
of the four groups, so they were way off. [TCB4]
The analysis also indicated 18 segments in which participants accurately described students’
solution processes, nine of which were detailed. The quotes below represent a detailed
description of student three’s method for representing one-half and a description that lacked
detail for student three’s solution process, respectively. The second quote was provided at the
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beginning of the artifact discussion; whereas, the first quote was provided towards the end of the
discussion.
They [student three] broke it down into parts of like, for one half they did two, and then
one of two, and then one of two, and then the same for the rest. [TCB1]
I think they [student three] just broke down the fractions into smaller pieces. [TCB1]
The analysis revealed six segments where TCB2, TCB3, and TCB4 all inaccurately interpreted
student three’s lack of understanding. The analysis also revealed 13 segments where participants
accurately interpreted all of the students’ understandings or lack of understanding. The following
excerpt demonstrates a detailed explanation of student one’s understanding using equivalent
fractions.
For student one, I said she understands that one-half is one-half of the 12 pieces, which is
six and so on. So she also understands that one-third means three equal parts where she
shaded four pieces to equal one-third and so on for the rest of them. [TCB4]
The analysis uncovered two segments where TCB1 described student three’s solution process as
a different method for representing fractions which was the opposite way of how they thought of
fractions. These statements were coded in reference to instructional topics.
MKT framework. The analysis revealed 23 segments coded as SCK and one segment
coded as KCS. The KCS statement referred to expectations of students. The following quote
represents this idea.
I never would have thought of it that way [student three]. [TCB1]
The following quotes represent segments that were coded as SCK.
They [student one] understood the equal parts because of the way she folded it. [TCB1]
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They [student two] understood the denominator had something to do with how many they
need to shade, but they just didn’t understand like the equal parts. [TCB1]
Student two does not understand that one-third doesn’t mean you shade three, or onesixth, you don’t shade six. So they don’t understand. [TCB4]
Artifact two. A detailed description of artifact two can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child.
Reflection questions. All participants were able to provide accurate detailed descriptions
of this child’s explanation from listening to the video. The following quote represents a
description of this child’s thought process for each pair of fractions provided by TCB2. Each line
in the quote represents the child’s explanation for comparing one pair of fractions.
1
is bigger, candy bar, eight pieces would be smaller.
6
2
is larger, seems larger to her.
7

1 is larger, it’s the whole thing.

1
because you cut it once.
2
1 it’s the whole thing. [TCB2]
As for the child’s understandings or lack of understanding, all participants were able to
provide accurate and detailed descriptions. TCB2 and TCB3 stated that the child understood that
one was the whole. TCB1 and TCB4 recorded similar statements during the artifact discussion.
All participants mentioned that the child understood that a larger denominator meant that the
pieces would be smaller. However, TCB1 used the term unit fraction within her description.
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Lastly, TCB3 and TCB4 believed that this child had a partial understanding of fraction pair two,
which was recorded during the artifact discussion.
TCB1, TCB3, and TCB4 stated that this child believed that all fractions were less than
one, which was labeled as a misunderstanding by these participants. TCB2 recorded a similar
statement that this child did not understand that fractions could be equivalent to one or greater
than one. In contrast to TCB3 and TCB4 who believed that this child had a partial understanding
of the second pair of fractions, TCB1 and TCB2 stated that this child did not understand this
pair, because she could not provide an explanation to justify her comparison. The following
excerpt summarizes this student’s misunderstandings using proper mathematical vocabulary.
Doesn’t understand simplifying fractions, improper fractions, or that a number over its
self [sic] also equals one. (Thinks three-sixths is smaller because it has more parts.
Thinks one is larger because four-thirds is still a fraction.) [TCB3]
Artifact discussion. The analysis revealed that all participants were able to accurately
provide the child’s understandings or lack of understanding with detail. TCB1 and TCB3 used
mathematical terms in their explanations. The participants also claimed that this artifact was
easier to discuss than the first artifact. For this short discussion, all the participants provided
roughly the same amount of segments.
Professional noticing framework. The analysis indicated 10 segments where participants
accurately interpreted the child’s understandings or lack of understanding, with four of these
segments being detailed. The following quotes represent a detailed description of the child’s
misunderstandings and a general description of the child’s misunderstandings that lacked detail,
respectively.
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So for what the child didn’t understand, I said, he doesn’t understand that four-fourths is
the same as one. He simply thinks whole numbers will always be bigger than fractions,
and that’s also true for his answer of four-thirds being less than one. And he doesn’t
understand that three-sixths is one-half because three is half of six. He simply thinks onehalf is larger because you only have to cut the whole one time. [TCB4]
Yeah, I just put it like, she didn’t understand simplifying fractions, improper fractions, or
um, a number over itself still equals one. [TCB3]
The underlined statement referred to a description of the child’s explanation. Unlike artifact one,
the participants did not discuss instructional decision-making.
MKT framework. The analysis uncovered 10 segments coded as SCK. The following
quotes demonstrate these statements.
So it was like she has a clear understand [sic] that if something’s broken into more
pieces, say an equal number pieces, then each little piece equals less, But that’s about all
she understands. [TCB3]
The way I put it, he or she or whatever, they understand that the more pieces you have in
the denominator, the smaller each piece will be. [TCB4]
Artifact three. A detailed description of artifact three can be found in Chapter 3. This
description includes a detailed account of each pair’s solution process and the mathematical
understandings or lack of understanding for each pair of children. Within this artifact, three pairs
of students presented their work: Jalessa and Rachel, Omar and Marcus, and Tim and Daniel. I
will refer to each of these as pair one, pair two, and pair three, respectively. TCB3 will not be
mentioned in the analysis for artifact three because this participant was absent on this day.
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Therefore, when I mention all participants in artifact three, I will be referring to TCB1, TCB2,
and TCB4.
Reflection questions. All participants in Group 2 were able to accurately describe each
child’s process; however, most of these descriptions lacked detail. Most of these statements did
not include percent symbols when it was necessary. Additionally, TCB4 did not provide a
description of pair three’s solution process. The following excerpt demonstrates one of the only
detailed descriptions of student two’s solution process. The underlined statements below refer to
numbers that were percentage that did not include the percent symbol.
Omar & Marcus saw that there were 10 columns, and knew that ten x 10 = 100. They
then tried to see how many 2 x 3 small rectangles would fit into the whole large rectangle
and came up with 6, with one column left over, showing 90% of the rectangle would fit 6
smaller 2 x 3 rectangles. Then they divided 90 by 6 to get 15, which is the % of shaded
rectangles they were asked to find. [TCB4]
As for the students’ understandings, all participants believed that the children who
presented their work understood that 100% was equivalent to one which represented the whole.
TCB1 and TCB4 recorded that Michael, one of the children in the class, did not understand that
the rectangle represented one or 100%. The participants felt that he believed that 100% is
equivalent to 100 (squares). I felt that this statement was interesting when all of the participants
left off percent symbols within their own explanations. TCB2 recorded the only inaccuracy for
this artifact. The quote below demonstrates this inaccuracy.
[For pair one] 100/40 doesn’t give you an accurate %. It has to be x /100. [TCB2]
TCB2’s statement referred to creating a proportion to find the percentage. Therefore, this
participant did not recognize that dividing to find the percentage was a valid method.
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Artifact discussion. The analysis revealed that all of the participants were able to describe
the children’s solution processes. All participants stated that the children who presented
understood that the rectangle was equivalent to one or 100%. However, their descriptions lacked
precision by not including percent symbols. As for the misunderstandings, the participants
focused their discussion around Michael and the students at the beginning of the vignette.
Similar to artifact one, TCB1 dominated the discussion with seven segments. In contrast, TCB2
and TCB4 each spoke on four occasions for this short discussion.
Professional noticing framework. The analysis indicated five segments where participants
inaccurately described the children’s solution processes. However, four of the segments referred
to leaving off the percent symbol. The following quote demonstrates the last segments coded as
inaccurate for TCB2.
And, um, he [pair three] figured out that since it was one and a half [columns], a whole
[column] is 0.1 or 10 percent, and the half [column] is 0.5 or 5 percent, so he just added
those two together. [TCB2]
The underlined value that TCB2 recorded should have been 0.05. The analysis uncovered five
segments where the participants accurately described the children’s solution processes, one of
which was detailed. The following quote represents a description of pair one’s solution process
that lacked detail. I have underlined where percent symbols should have been used.
Jalessa and Rachel figured out that each small square was equal to 2.5 and then
multiplied by six, since there were six shaded squares, and that’s how they multiplied to
get 15 percent. [TCB4]
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The analysis revealed four segments where TCB1 interpreted the children’s
misunderstandings, one of which was detailed. The excerpt below represents this detailed
interpretation.
I said that they [children who presented] understood that the whole is one and 100
percent. I think that’s a very important concept for doing percents. Because at the
beginning of the reading it said the teacher was going around and saying how many
squares are in the rectangle, you know, because people were saying six squares were six
percent. So these students [children who presented work] understood better what the
whole represented. . . . the children who presented seemed to pretty fully comprehend
percents. I didn’t see anything they didn’t get. [TCB1]
The underlined statement was coded for instruction-related topics. Her statement was an accurate
statement for developing a conceptual understanding for percents. The analysis indicated two
additional segments where TCB1 and TCB4 referred to unexpected solution processes.
MKT framework. The analysis uncovered nine segments coded as SCK and one segment
coded as KCT. The segment that was coded as KCT can be found underlined in the quote above.
The following quote represents a SCK segment that TCB1 provided.
I said that Rachel and Jalessa found the value of each individual square first, that percent,
and then multiplied it by the amount they needed. And then they [sic] others used um
found the percent of a column instead of a unit. [TCB1]
Artifact four. A detailed description of artifact four can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child.
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Reflection questions. TCB4 drew a picture of this child’s solution process without a
description before the artifact discussion, whereas TCB1 and TCB3 provided models during the
artifact discussion. TCB1 and TCB4 recorded that the child drew one-half and three-fourths at
the beginning of her solution process then redrew the addition. All participants were able to
accurately describe in pictures or words how the child combined both values. The models that
were recorded by the participants used shading to represent the values of the fractions. This was
the opposite of how the child modeled the values by shading in the parts of the whole that did not
represent the value of the fraction. The following description represents the only detailed
explanation of the child’s solution process.
She drew some picture of one-half that could be split into fourths (because she describes
one-half as two-fourths later) and a picture of three-fourths. Then she redraws the onehalf . . . and part of three-fourths and draws the ‘extra’ fourth instead of using her original
picture using two wholes. [TCB1]
As for the child’s understandings, TCB1, TCB3, and TCB4 claimed that the child
understood equivalent fractions and wholes. TCB4 stated that the child understood how to add
fractions and TCB3 recorded a similar statement during the artifact discussion. The following
excerpt represents TCB4’s description of the child’s understandings.
She understands that you [sic] physically adding a half of something to three-fourths of
another and she understands how this can be modeled, because she (I think) modeled it
for her teacher. She understands equivalent fractions because she said one-half was
equal to two-fourths, so that tells you she understands it. [TCB4]
In reference to the child’s misunderstandings, the participants chose to focus on the
number three that was recorded initially by the student when she was recording her solution.
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However, TCB3 and TCB4 did not record statements pertaining to her lack of understanding
before the artifact discussion. TCB1 believed that the three referred to the three missing fourths
within her two wholes. TCB2 believed that the three pertained to the three pieces within her
completed whole, one for the half and two for the fourths, even though these parts were not the
same size. TCB4 recorded one statement similar to TCB1’s interpretation of the three parts;
however, when describing the child’s solution process, TCB4 stated that the three parts referred
to the three one-fourths that the child modeled. It is unclear which of these statements was
accurate because the child did not describe the three that she recorded on her paper.
Artifact discussion. The analysis revealed that all participants were able to accurately
identify the child’s understandings which included understanding the value of a whole,
understanding that one-half and two-fourths were equivalent fractions, and modeling fractions.
TCB4 recognized that what they were explaining was a difficult process which included listening
to the child, restating what the child did, and then interpreting what the child understands. All of
the participants mentioned that the process would have been easier if they could have seen the
child’s work. Additionally, TCB1 stated that she could tell that the child was pointing to objects
during her explanation. The following excerpt demonstrates this discussion.
I need to start figuring out how to say this, like, on my own, without having your [TCB1]
help. [TCB4]
Oh no, you’re doing good. [TCB1]
But like, I was just like, how can I say this? I tried to draw it and I couldn’t, but [TCB4]
Sometimes it just takes awhile. It’s hard to explain in words. [TCB1]
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Well, first you have to like understand – figure out if you understand what she’s saying,
and if you do, then you’ve got to like re-explain it like where you get what she did.
[TCB4]
Because it’s kind of hard not being able to see what she was actually doing. [TCB1]
Right [TCB4]
Because her thoughts just kind of jumped. [TCB1]
You could tell she was still thinking after she was talking. [TCB3]
Yeah, because she kept stopping and going and [TCB4]
And she was obviously pointing to some picture and drawing as she was talking. [TCB1]
We clearly need to see the bigger picture. I feel like if we could have seen it, it would
have made more sense, like actually see the picture she drew. [TCB3]
TCB1 dominated the artifact discussion with 14 segments during this short discussion. In
contrast, TCB2 spoke on eight occasions, TCB4 spoke on seven occasions, and TCB3 spoke on
three occasions.
Professional noticing framework. The analysis indicated eight segments where
participants described the child’s solution process, one of which was detailed. The first quote
below demonstrates a detailed explanation of her solution process. The second quote represents a
description of her process that lacked detail.
After she drew the two wholes with the one-half in one [whole] and the three-fourths in
the other [whole], when she was explaining it, she redrew it, and put two parts of the
three-fourths to make one full whole, and then drew a fourth out to the side. Instead of
having two wholes like at the beginning. [TCB1]
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Like she moved the two [parts] from the three-fourths and then just drew the extra onefourth out to the side. [TCB1]
Additionally, the analysis uncovered seven segments where the participants interpreted the
child’s understandings or lack of understanding, two of which were detailed. The following
quotes represent a detailed description and a description that lack detail, respectively, for the
child’s understanding.
She seems to understand equivalent fractions because she talked about how one-half was
two-fourths and it was the same thing. [TCB1]
I said that she understood that one-half and two-fourths are the same, and she knew like
what the whole equaled. [TCB3].
I coded TCB3’s segment as lacks detail due to the fact that this participant did not explain how
the child knew what represented the whole.
MKT framework. The analysis indicated 14 segments coded as SCK. The quotes below
represent segments that were coded as SCK.
I thought she drew a picture of a half and then a picture of three-fourths, like she had two
wholes. [TCB1]
Because you see that she wrote a one and a three, then crossed out the three and put onefourth. So she got one and one-fourth. [TCB2]
The last segment referred to a description of the recorded answer to the fraction expression.
Artifact five. A detailed description of artifact five can be found in Chapter 3. This
description includes a detailed account of each child’s (Jorge and Jessica) solution process and
the mathematical understandings or lack of understanding for each child.
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Reflection questions. All participants provided accurate descriptions of Jorge’s solution
process. These descriptions lacked detail and some of the participants provided additional
information to their descriptions that was not found in his explanations. For example, TCB2
stated that six triangles made up the whole; therefore, one of these triangles represented onesixth. Additionally, TCB2 did not record a description for Jessica’s solution process before the
artifact discussion. All participants in Group 2 mentioned that Jessica found one-third of onehalf. For Jessica’s solution process, the participants used information in other locations in the
vignette to complete Jessica’s solution process. The following description demonstrates each
child’s solution process.
Jorge found one-third of the whole, then found one-half of the one-third piece to get onesixth. In terms of rhombi and triangles. Jessica found one-half of the whole first, then
found one-third of the one-half piece to get one-sixth. In terms of trapezoids and
triangles. [TCB1]
All of the participants stated that both children understood how to represent parts of the whole
and that Jorge modeled the problem in the correct way with the correct number sentence.
Additionally, TCB1, TCB2, and TCB4 mentioned that Angela and Tyler (two children in the
vignette) understood that Jorge and Jessica worked the problems differently. The following
excerpt represents the statements that were made in regards to Angela and Tyler’s
understandings.
Angela understands that Jessica did her work backwards. Tyler understands the whole
problem; recognized the difference between Jorge and Jessica’s work, also understood
the point Angela made about Jessica working backwards, one-third of one-half instead of
one-half of one-third. [TCB4]
132

Lastly, TCB2 and TCB4 recorded statements on the reflection handouts that connected these
ideas to the multiplication of whole numbers. These participants mentioned the “groups of”
interpretation of multiplication. However, these statements were not discussed within the artifact
discussion.
Artifact discussion. The analysis revealed that all of the participants recognized that
Jessica and Jorge worked the problem in different ways. More specifically, Jessica worked the
problem backwards. All participants stated that both students understood the values of parts of
the whole. All of the participants mentioned Angela and Tyler along with their understandings.
Similar to artifact two, all of the participants provided roughly the same amount segments within
this short discussion.
Professional noticing framework. The analysis indicated five segments where participants
described the children’s solution processes. All participants except for TCB1 provided such
statements. The following quotes represent two of these descriptions that lacked detail. The
underlined portions, from each quote, represent additional statements that were not found in the
children’s original explanations.
I just said that Jorge drew three rhombis [sic] to model the hexagon as a whole, and then,
um, he knew that two triangles made up one rhombus, because he needed to know what
half of that rhombus was. He knew that six triangles made up a whole hexagon, so it was
one-sixth. [TCB2]
I said she just started with one-half of the whole and broke that up into three parts, so she
got the same answer. She just didn’t work in the same order. [TCB3]
The analysis uncovered six segments where participants interpreted the children’s
understandings or lack of understanding, three of which were detailed.
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MKT framework. The analysis revealed 10 segments coded as SCK. The following quotes
represent two of these segments.
I said Jorge understood the order to work in and he understood how to read and write the
number sentence. And she [Jessica] just understood it like what makes up the wholes.
[TCB3]
Yeah, Angela pointed that out that she took half of a third instead of the other way. And
then for the other part I just said Jessica didn’t understand that finding half of a third isn’t
the same as finding a third of the half; the process isn’t the same. [TCB1]
Artifact six. A detailed description of artifact six can be found in Chapter 3. This
description includes a detailed account of Maria’s solution process and the mathematical
understanding or lack of understanding for this child.
Reflection questions. All participants accurately described Maria’s solution process. The
following quote demonstrates TCB2’s description that lacked detail.
She let the cup be the model of a hexagon. She used the rhombus to represent a one-third.
[sic] Every hexagon there are three scoops. [TCB2]
TCB3 and TCB4 provided details within their explanations that pertained to the pieces used, the
composition of the half-cup, and Maria’s interpretation of the remaining piece.
As for Maria’s understandings and lack of understanding, the participants in Group 2
believed that Maria understood how to work the problem, but she mixed her wholes when
placing a value on the remaining piece. TCB1 and TCB4 provided detailed explanations of
Maria’s lack of understanding. Their explanations follow.
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Doesn’t understand that scoops and cups are different – combines whole scoops with a
fraction of a cup, so her answer isn’t in terms of same whole. Counting scoops not cups,
whole scoop -> rhombus [TCB1]
Just because a triangle is one-sixth of a hexagon, she can’t forget about the rhombus’s
[sic] representing one-third of the cup. So she should have realized the green
triangle is one-half of the blue rhombus. The rhombus becomes the block you use to
calculate how many scoops you need. [TCB4]
Artifact discussion. Even though TCB3 was present during the artifact discussion, this
participant did not speak during the discussion. Therefore, when I mention all participants, I will
be referring to TCB1, TCB2, and TCB4. The analysis indicated that all participants described
Maria’s understandings, which included understanding the whole and how to represent values
with the pattern block pieces. They also claimed that her misunderstanding pertained to mixing
her two wholes. Artifact discussion six was the shortest of all the discussions. For this artifact,
the participants roughly provided the same amount of segments. However, the lengths of those
segments were not the same. TCB2 and TCB4 provided considerably longer sentences within
each segment.
Professional noticing framework. The analysis revealed four segments where participants
interpreted Maria’s understanding or lack of understanding, one of which was detailed. These
interpretations included descriptions within their justification; therefore, the participants stated
that she understood because she worked the problem correctly. In the other artifact discussions,
the participants would provide a general description of the understandings or lack of
understanding in reference to a particular topic. For example, for artifact two, the participants
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would claim that the child did not understand equivalent fractions (topic). The following segment
expresses this idea.
She understood that two and a half cups equals [sic] two yellow hexagons and a half of
another hexagon. And she also understood that two cups or two hexagons can be
represented by six scoops of one-third cups of sugar. But what she didn’t understand was
that, um, like once she realized that the scoops had, like the scooper was only a third and
that she couldn’t just scoop out, you know, half of a cup, she had to break the trapezoid
down that she had into one rhombus and one triangle. But she didn’t get the fact that like
just because that triangle out of the whole [cup] is one-sixth, you can’t look at it like that
with this problem. [TCB4]
MKT framework. The analysis uncovered four segments coded as SCK. The following
quote demonstrates one segment coded SCK. Additionally, the above excerpt was coded as SCK.
And I also said that she understood what the whole was. And she used a rhombus to
represent each scoop [sic] was three in each of them. And, um, she understands what it
takes to make the whole, and she understands what each piece is worth. When she went
down to the third or, the last third of the one-half, she got confused with the fraction part
because she [TCB2]
The artifact discussion ended at this point; however, based on the reflection handouts, this
participant would have mentioned different wholes.
Group 2 Summary. In reference to the reflection handouts, all participants accurately
described solution processes and interpreted mathematical understandings and
misunderstandings. However, most of these written descriptions and interpretations were not
detailed. If participants were given the explanation in words, then the recorded statements were
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not detailed (i.e., the participants did not provide the same explanation found in the artifact). The
participants listened to the videos on artifacts two and four. Additionally the participants were
given a transcript of the video for artifact four. Therefore, artifact two was the only artifact that
the participants did not receive a written explanation. All of the participants provided detailed
accurate statements on the reflection handout for the solution process and understandings or lack
of understanding for artifact two.
In reference to the artifact discussions, all participants accurately identified
understandings and misunderstandings in detail. Often times, the details that were lacking in the
reflection handouts were provided during the artifact discussion. The only inaccuracies that
occurred for the participants happened on artifact one; however, the artifact discussion allowed
for these inaccuracies to be resolved. Additionally, the participants recognized the difficultly in
discussing a student’s solution process or understanding when the work was not provided.
Lastly, these participants discussed understandings and misunderstandings for other students
(e.g., students that did not present work to the class) within the provided vignettes for artifacts
three and five. The amount of time given to the participants to discuss each artifact reduced for
each subsequent artifact. However, the reduction in time did not affect the participant’s ability to
interpret understandings and misunderstandings.
After analyzing all six artifacts, I have provided the number of times each code appeared
for each artifact discussion, which can be found in Table 13. The participants did not discuss
instruction-related topics on artifacts two, four, five, and six. The participants did not provide
any detailed inaccurate interpretations. Lastly, the participants did not provide statements
regarding their own content knowledge.
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The analysis indicated 103 segments coded with the professional noticing framework. For
Group 2, the participants provided 82 accurate segments, which was equivalent to 79.61%. The
participants supplied 27 detailed segments, which was equivalent to 26.21% of the total
segments. Additionally, the participants supplied 26 detailed accurate segments, which was
equivalent to 25.24% of the total segments.
The analysis revealed 76 segments coded with the MKT framework. The participants
supplied 72 segments coded as SCK, which was of particular interest for this study. Most of the
segments that were coded reflected a very low level of knowledge. In most instances, the
comments that were coded as MKT related to the topics within that domain; however, the
participants may not have possessed the knowledge related to that domain.
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Table 13
Amount of Codes per Artifact for Group 2
Artifacts
Codes
100
101
110
111

1
3
1
9
9

2
--1
--

3
5
-4
1

4
1
-7
1

5
--5
--

6
-----

Total
9
1
26
11

200
201
210
211

6
-9
4

--6
4

--3
1

--5
2

1
-3
3

--3
1

7
0
29
15

300
301
310
311

--2
--

-----

--3
--

-----

-----

-----

0
0
5
0

CCK
SCK
HCK
KCS
KCT

-25
-1
--

-10
----

-9
-1
--

-14
--1

-10
----

-4
----

0
72
0
2
1

Note: All number codes pertained to the professional noticing framework; All letter codes related
to the MKT framework; The dashes represent places that data were not present.
Group 5B. All of the participants were present for all six artifacts. In the following
paragraphs, I will summarize the comments written on the reflection handouts and the artifact
discussions. The comments that participants recorded on the reflection handouts during the
artifact discussion will be in bold.
Artifact one. A detailed description of artifact one can be found in Chapter 3. This
description includes a detailed account of each child’s solution process and the mathematical
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understandings or lack of understanding for each child. Images of the artifacts can be found in
Figures 1, 2, and 3. Section B received the written explanations within these figures.
Reflection question. All participants provided accurate statements regarding the solution
process for each child. TCB6 and TCB7 were the only participants that provided detailed
descriptions of student one’s solution process. TCB8 was the only participant who mentioned
folding before the artifact discussion. However, TCB5 recorded a similar statement during the
artifact discussion. Even though TCB6 and TCB7 did not state that student one folded to create
the fraction, these participants recorded that student one created equal-sized parts and provided
examples for at least one of the fractions. The following description represents this idea.
They [student one] divided the whole into the number of parts and shaded them. For
example, for one-third, the child knew that they should make up the whole with three
equal parts and one part of the three makes one-third. [TCB7]
For student two, none of the participants provided detailed descriptions. TCB5 and TCB7
mentioned that this child shaded the number found in the denominator. TCB8 recorded a similar
statement; however, the list of denominators that were modeled included two. Since the
participants did not have access to the actual work, it was not known to them that for one-half
student two shaded in six parts instead of two. Lastly, TCB5 and TCB6 provided the actual
values for the fractions that the child shaded. The following excerpt demonstrates all of the
above descriptions for student two’s solution process as well as some alternate interpretations of
his modeling.
1
1
1
1
- half, - shaded one-fourth,
- shaded one-third,
- shaded one-half
2
3
4
6

This student shaded the number in the denominator (except for one half?)
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For half he probably only shaded two because that is the number in the
denominator/or half could just be intuitive and he could just know half is half.
This student may have flipped the numerator/denominator meanings
(

1 ( whole )
) his possible interpretation. [TCB5]
2 ( part of whole shaded )

TCB6 drew pictures for all three students, but did not provide additional descriptions for student
two nor three. All participants except for TCB6 recognized that the denominator represented the
number within the group for student three’s solution process. TCB5 and TCB7 believed this
child’s process was unique. However, TCB7 was the only participant to provide detail within
their description. The quote below demonstrates this detail.
This student took a unique approach. They took the fraction and broke the whole down
into groups that included the number of parts represented in the denominator. For
instance, they broke down one-sixth not into six groups, but into groups of six. They then
shaded one part of each group. [TCB7]
As for the students’ understandings, all participants mentioned that student one
understood that fractions represent part of a whole. TCB5 and TCB8 stated that student three
understood that a whole was created from equal parts. In reference to the students’ lack of
understanding, TCB7 and TCB8 claimed that student one did not understand why he folded to
make his fractions. All participants but TCB8 believed student three’s solution process was
invalid because the grouping was backwards.
Artifact discussion. The analysis revealed that all participants were able to describe
solution processes and interpret understandings for students one and two. All participants felt
that student three’s method was inappropriate based on their understanding of a fraction (part141

whole). These participants believed that the denominator of a fraction represented the number of
equal-sized parts that make up the whole. However, student three’s method was appropriate for
ratio understanding. Some participants felt that student one did not provide enough explanation
for why he folded his paper. TCB7 and TCB8 dominated the discussion with 17 segments each.
In contrast, TCB5 and TCB6 spoke on 12 and eight occasions, respectively.
Professional noticing framework. The analysis indicated nine segments where
participants accurately described the students’ solution processes, two of which were detailed.
The first quote represents a detailed description of student three’s solution process. The second
quote also demonstrates student three’s solution process, but lacked detail.
They said it said to represent one-sixth. I took my whole and separated into groups of six.
Like that’s a group of six and that’s a group of six . . . each group of six I shaded one of
the six parts. [TCB6]
To make one half, he [student three] made six groups of two instead of two groups of six.
[TCB7]
In the first quote, TCB6 described student three’s solution process as if they were student three.
For the second quote, I coded this segment as lacks detail because the participant did not explain
how the child shaded the six groups of two.
The analysis revealed 10 segments where participants inaccurately interpreted student
three’s lack of understanding. The following quote includes an accurate interpretation for
students one and three, an inaccurate interpretation for student three, and a description of student
three’s solution process. I have placed additional comments to mark the end of each of these
statements.
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I mean one and three really understands [sic] that a fraction is a part of a whole [accurate
interpretation], but student three, I don’t think that he really knows the meaning of . . .
group . . . like how each fraction was made from the group; you know [inaccurate
interpretation]. For one-half, he had the six sections and only two were shaded
[description]. He doesn’t understand how that has to deal with the whole [inaccurate
interpretation]. [TCB8]
The analysis also uncovered 22 segments where participants accurately interpreted all three
students’ understandings or lack of understanding, one of which was detailed. The following
quotes describe student two’s understanding.
I think basically he just knew that one-half is, like half and he was probably taught that.
[TCB5]
All he knew was that the denominator meant something. [TCB6]
Additionally, the analysis indicated three segments where participants discussed topics related to
instruction. These segments referred to student expectations in regards to working a problem.
MKT framework. The analysis revealed 27 segments coded as SCK and three segments
coded as KCS. The following quotes represent two segments that were coded as SCK. The first
quote demonstrates a detailed explanation for student three’s representation of one-fourth. The
second quote represents an interpretation of student three’s understanding.
Yeah, cause [sic] he said to represent one-fourth, ah, um “I took one whole and separated
it into groups of four which would mean; wouldn’t that mean three groups of four? I
made three groups of four, in each group of four; I shaded one of the four parts.” So that
would mean he only shaded three squares . . . that is one-fourth. [TCB6]
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I feel like he has a good understanding of what it means or else he wouldn’t have done
[sic] making an equal group and separating [sic] and, like, how, like, designating, like
coloring one part of the group, of the whole. [TCB8]
The segments coded as KCS referred to student expectations for modeling fractions. The quotes
below represent two KCS segments that referred to student three’s solution process.
I never would have thought of it this way, never. [TCB5]
Exactly, And he went about it a completely differently way that not many of us would
think about. [TCB8]
Artifact two. A detailed description of artifact two can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child.
Reflection questions. TCB5 and TCB7 provided accurate detailed descriptions of the
child’s explanation from listening to the video. TCB6 recorded accurate detailed descriptions for
fraction pairs three, four, and five. TCB8 did not state the fractions that this child chose and the
explanations that were provided were vague and referenced guessing. The following excerpt
represents one of the detailed descriptions for this child’s solution process.
One-eighth would be smaller pieces of a candy bar.
1

4
; because it’s the whole
4

1 2
 ; seems like more
7 7

3 1
 ; because you cut it once
6 2
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4
 1 ; because it’s the whole thing [TCB7]
3

With regards to the child’s understandings, all participants stated that the child
understood that one was the whole; however, TCB5 and TCB8 recorded this statement during
the artifact discussion. All participants, except for TCB8, mentioned that the child understood
that parts make up a whole. Lastly, TCB5, TCB7, and TCB8 stated that the child understood that
a larger denominator meant that the pieces would be smaller in value. Most of these statements
were presented without justification. The following excerpt demonstrates TCB5’s interpretation
of the child’s understandings.
The child knows the more parts the smaller the pieces. Understands 1 is the whole.
Understands that parts make up a whole. She understands unit fractions. Partial
understanding of

2 1
 . Doesn’t understand numerator. [TCB5]
7 7

As for the child’s misunderstandings, all participants stated that the child believed that all
fractions were less than one. All participants, except for TCB8, recorded that the child did not
understand that fractions could be equivalent to one. Even though the participants recognized
that the child understood the size of parts in relation to the number of parts within a whole,
TCB5 and TCB7 mentioned that the child disregarded the numerator for fraction pair four.
Participants within Group 5B used appropriate mathematical terms such as improper fraction,
equivalent fraction, and unit fraction. The following quote demonstrates TCB8’s recorded
misunderstandings during the artifact discussion.
She thinks that a whole number is as high as it can go. Focused only on den. [sic] –
always chose larger den. [sic] to be smaller fraction. [TCB8]
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Artifact discussion. The analysis revealed that all participants were able to accurately
identify this child’s understandings or lack of understanding which included recognizing that a
larger denominator meant smaller pieces, the whole was equivalent to one, and that all fractions
were less than one. Participants claimed that the child failed to realize that the numerator has an
effect on the value as well. For this discussion, TCB8 provided eight segments, TCB7 provided
five segments, TCB5 provided four segments, and TCB6 provided three segments.
Professional noticing framework. The analysis indicated two segments where participants
accurately described the child’s solution process; both of these statements regarded the child’s
explanation for fraction pair two. The analysis also uncovered 10 segments where participants
accurately interpreted the child’s understandings or lack of understanding, two of which were
detailed. The first quote demonstrates a detailed explanation of this child’s understandings and
misunderstanding. The second quote represents a description of the child’s ability level.
I was thinking that, like, she understands the denominator. Like, she understands that the
pieces, if it’s going to be divided a lot then it’s going to be, the pieces are going to be
smaller. But she doesn’t understand, like, the numerator, so she doesn’t get that, like,
when there’s [sic] three numerators or three parts that it’s going to be as much as one
part, if it’s divided less. [TCB5]
I feel like she understands when it’s simple, like with the one-sixth and one-eighth. She
understands what’s bigger, but as soon as it gets a little more complicated she doesn’t
really know why she thinks what she thinks. [TCB8]
When TCB8 referred to simple fractions, these fractions were unit fractions. Unlike artifact one,
the participants did not discuss instruction-related topics.
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MKT framework. The analysis indicated 10 segments coded as SCK. The following
quotes represent three of the segments that were coded as SCK.
She thinks that it’s [any fraction] a part of a whole instead of, like on four-thirds, that’s a
whole plus one [part]. She saw the fraction and, like, “Oh, it’s got to be small.” [TCB5]
She thinks that, like, the whole number is the bigger one. [TCB8]
She does get that, like, one is the whole. [TCB7]
Artifact three. A detailed description of artifact three can be found in Chapter 3. This
description includes a detailed account of each pair’s solution process and the mathematical
understandings or lack of understanding for each pair of children. Within this artifact, three pairs
of students presented their work: Jalessa and Rachel, Omar and Marcus, and Tim and Daniel. I
will refer to each of these as pair one, pair two, and pair three, respectively.
Reflection questions. TCB5 and TCB6 provided details within their explanations;
however, TCB8 did not record a description of pair two’s solution process nor pair three’s
solution process. Additionally, TCB8 did not provide a complete explanation for pair one’s
solution process. Therefore, when I mention all participants, I will be referring to TCB5, TCB6,
and TCB7. All participants in Group 5B were able to accurately describe each pair’s solution
process. The first quote demonstrates an explanation of pair one’s solution process. The second
quote represents a description of pair two’s solution process. Lastly, the third quote demonstrates
an explanation of pair three’s solution process.
Jalessa and Rachel knew that the total percentage needed to be 100%. So they figured out
how much each of the squares represented. Once they calculated that each square
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1
1
represented 2 %, they multiplied the total number of shaded squares (6) by 2 %. This
2
2

gave them their answer, 15%. [TCB6]
They shaded a 2 x 3 rectangle (6 squares) and then filled in as many 2 x 3 rectangles as
possible. They knew a column = 10%, and 9 columns were full so that’s 90%. They
divided 90% by 6 because they only want to know what 1 rectangle is. [TCB5]
Tim and Daniel used the diagram to see how much each column/row represented. They
used what each represented to get the percentage. [TCB7]
TCB5 and TCB6 consistently used the percent symbol within their explanations as appropriate.
Additionally, these two participants drew a picture of pair two’s solution process.
In reference to the students’ understandings, all participants believed that the children
who presented their work understood that 100% was equivalent to the whole. TCB5 and TCB7
recognized that pairs two and three understood that each column represented 10%. As for the
students’ misunderstandings, TCB5 focused on Michael and the students at the beginning of the
vignette. TCB6 described that pair one failed to explain how they knew each square was 2.5%.
This participant felt that leaving this part of the explanation out was an inaccuracy. Lastly, I
found it difficult to determine the misunderstandings identified by TCB7 and TCB8. The
following quote demonstrates the explanation that TCB8 provided in regards to student
misunderstandings.
They just don’t understand the shading part and what that represents. [TCB8]
I was not able to determine which students this participant was referring to.
Artifact discussion. At the beginning of the artifact discussion, TCB5 and TCB7 stated
that they did not have enough time to answer all of the questions on the reflection handout.
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TCB7 questioned pair one’s mathematics. This participant was not sure if 15 was the solution to
2.5 times six. The other participants were able to convince her that the solution was appropriate.
As compared to Group 2, the participants within Group 5B briefly brought up Michael and his
misconception. TCB5 felt that pairs two and three used the grid to find the percentage as
compared to pair one. Lastly, some of the participants focused on pair one’s explanation, because
they felt that there was not enough detail provided to explain pair one’s solution process. Even
though TCB5 and TCB7 stated that they did not have enough time to complete all of the
questions, these two participants provided the most segments resulting in 15 each. TCB6 only
provided one segment for this discussion. Lastly, TCB8 provided nine segments.
Professional noticing framework. The analysis revealed two segments in which TCB7
disagreed with pair one’s calculations. These statements were coded as inaccurate descriptions.
The analysis also indicated two segments in which TCB5 explained pair one’s unclear
calculations and pair two’s solution process. The following quote demonstrates TCB5’s detailed
explanation.
Two groups of three, two by three, so once they did that they knew that there were six
and they knew that it was, like, 90 percent. So then they just divided by six because we
only want to know what this one [2 x 3 rectangle] is. [TCB5]
The analysis uncovered four segments in which TCB7 and TCB8 interpreted the students’
understandings or lack of understanding, one of which was detailed. The following quotes
represent TCB7’s interpretations.
I feel the girls understood that like, the whole thing was 100 percent. [TCB7]
But the other kids [students at the beginning of the vignette] are very confused by that.
There’s [sic] not 100 squares. I know that. They just didn’t know it. [TCB7]
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But I feel like they [pair two and pair three] had to know it was 100 percent, because
they knew like, “Well, this will be 90.” So if they knew, like, they knew each one
[column] was ten percent, and the only way they could know each column is ten percent
is if they knew it [rectangle] was 100 percent. [TCB7]
Lastly, the analysis revealed four segments in which TCB5 discussed instruction-related topics.
The following quotes display these segments. The first quote followed a discussion about pair
one’s missing explanation.
So they [pair one] just didn’t say that. In my explanation, when I explained it for them, I
explained what they did, but I guess I shouldn’t have because they didn’t. [TCB5]
I think they [pair three] used it [the rectangle] the most probably, because this one, well,
no this one [pair two] used it [rectangle] too. The girls [pair one] didn’t really use the
thing [rectangle] as much. [TCB7]
He [Taylor] asks very valid questions because they [pair one] didn’t explain properly.
[TCB5]
MKT framework. The analysis indicated six segments coded as SCK, three segments
coded as KCT, and two segments coded as CCK. The KCT segments were consistent with the
three quotes from above. The following quotes represent the two segments coded as CCK.
Because 2 times 6 is 12 and then half of 6 is 3, so you would add 3 to 12 and get 15.
[TCB6]
I mean 100 divided by 40 is 2.5, because it would be 80 and then half of 40 is 20. [TCB5]
Artifact four. A detailed description of artifact four can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child.
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Reflection questions. None of the participants recognized that the female child drew her
fractions separately and then redrew her answer. TCB5 and TCB6 drew a picture to understand
the child’s solution process. For these two participants, they have appropriately modeled her
solution process with the exception of how they shaded. These participants shaded the value of
the fraction whereas the child did not. However, this would not be evident without the work.
TCB8 inaccurately described the child’s solution process. Subsequently, TCB7 recorded TCB8’s
method for the child’s solution process during the artifact discussion. The first excerpt represents
TCB5’s description of the child’s solution process. The second excerpt represents TCB8’s
description of the child’s solution process.
I’m not sure what her original 1 and 3 were? She had her one-half drawn and from there
knew two-fourths would complete the whole. After she had one whole, she was still left
with one-fourth from her three-fourths, therefore, she knew

3 1
1
  1 . [TCB5]
4 2
4

She drew two squares and cut each into one-fourths, shaded three-fourths and twofourths, combined one-fourth to the three-fourths to make one whole and one-fourth.
[TCB8]
Both TCB5 and TCB6 attempted to explain from where the child’s original solution came. They
claimed that the one represented the complete whole and the three stood for the third one-fourth.
Without the child’s explanation, it is difficult to ascertain whether their reasoning was
appropriate.
As for the child’s understandings, all participants claimed that the child understood that
two-fourths was equivalent to one-half. TCB6 and TCB7 believed that the child understood how
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to add fractions. More specifically, TCB6 and TCB8 mentioned that the child could use pictures
to add fractions. The quote below represents TCB7’s interpretation of the child’s understandings.
That if you have a whole broken into fourths and you shade half, you need two more
fourths to make a whole. That means she understands that

2 1
 . She grouped her
4 2

fractions correctly (i.e., added one fourth from the one-half to the three-fourths to
make a whole and knew that she had one-fourth left over). [TCB7]
The bolded statement was the inaccurate statement that TCB7 recorded during the artifact
discussion based on TCB8’s description.
With regards to the child’s misunderstandings, TCB5 stated that if they were able to see
her pictures then they would have been able to explain her understanding better. The other
misconception pertained to the child’s inability to explain clearly. The following quote
demonstrates TCB5’s interpretation of the child’s misunderstandings.
I’m not sure how she originally started the problem so I’m not sure what she does not
understand. If I could have seen what she was pointing to I may have understood better.
She may or may not understand equal parts and wholes. She never mentions it.
[TCB5]
From the child’s work, it is evident that she modeled equal-sized parts and equal-sized wholes.
Artifact discussion. The analysis revealed that the participants were able to accurately
identify the child’s understandings which included fractions, grouping, wholes, and equivalent
fractions. The participants claimed that the student had difficulty explaining her solution process;
therefore, it would have been easier to understand her process if they could have seen her
pictures. Lastly, TCB8 believed that teachers are supposed to guide students who have difficulty
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explaining their process. For this artifact discussion, the participants provided roughly the same
amount of segments.
Professional noticing framework. The analysis indicated one segment where TCB8
explained the child’s process inaccurately. The analysis also uncovered four segments in which
participants accurately described the child’s solution process, one of which was detailed.
Additionally, the analysis revealed five segments where participants interpreted her
understandings and misunderstandings, two of which were detailed. The following excerpt
demonstrates one of the two detailed interpretations.
That’s what she was trying to say, but she just didn’t know how to say it. I feel like she
understands the, uh, like, understands the fractions and grouping of fractions, and, like,
she knows how to make up a whole, and, and that, like, she knows how to, like, draw
pictures of these things, but the only problem that she has is explaining clearly how she
did it, because she kept on second guessing herself and, like, um, she would just say,
“Here and here,” like, “this and that.” Like, she wasn’t very clear with it, but I feel like
she has a pretty good understanding of it, because she was grouping, like, one of the
halves, like one of the two-fourths that she made into the three-fourths, which made up
the whole. [TCB5]
Lastly, the analysis indicated two segments where participants discussed instruction-related
topics. The quote below reflects these ideas.
I think her main problem was, is [sic] that she has all [sic] this stuff in her head and she
knows how to kind of draw it, and she’s kind of like waiting for us to, like, help her out,
guide her. And uh, and I think that if someone, if, like, the teacher was guiding her into it
she would have completely got it. And, like, it would have made sense, but since she
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didn’t have the guiding she was kind of, like, left with, like, what’s in her head, trying to
show what it meant but didn’t know how to explain what’s in her head to make sense.
[TCB8]
MKT framework. The analysis indicated 10 segments coded as SCK and two segments
coded as KCT. One of the segments coded as KCT referred to teachers guiding students when
the students are having difficulty explaining a problem. However, the participant did not mention
what would be involved in guiding, such as question. The following quotes represent segments
coded as SCK.
Yeah, she knows that two-fourths equals a half. [TCB8]
It, like, never talks about if she drew equal parts or equal wholes. [TCB6]
Artifact five. A detailed description of artifact five can be found in Chapter 3. This
description includes a detailed account of each child’s (Jorge and Jessica) solution process and
the mathematical understandings or lack of understanding for each child.
Reflection questions. TCB5 provided an accurate description of Jorge’s solution process
that included details present in Jorge’s explanation. In contrast, the other participants did not
include these same details. TCB6 drew pictures for Jorge’s solution process. Likewise, TCB5
drew pictures during the artifact discussion. For Jessica’s solution process, all participants were
able to provide accurate solution processes; however, TCB5 and TCB8 provided additional
information to Jessica’s solution process. Similar to Jorge’s solution process, TCB5 and TCB6
drew pictures to match her explanation. The following quotes represent TCB5’s description of
Jorge’s and Jessica’s solution processes, respectively.
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Jorge – hexagon = 1 whole, 3 rhombi equal 1 whole, so 1 rhombus = one-third of the
whole. One-half of the rhombus (one-third) is a triangle. A triangle = one-sixth of the
whole, so one-half of one-third is one-sixth.
Jessica divided a hexagon in half, and then took a third of the half (trapezoid) to get the
triangle (one-sixth). [TCB5]
As for the students’ understandings, all of the participants mentioned that Jorge and
Jessica understood parts of a whole. TCB5 and TCB6 stated that both students understood the
values of the pattern blocks. Lastly, TCB5 and TCB7 recognized that the entire class, except for
Jessica, understood that order was important when modeling the problem. The following quotes
represent interpretations of both students’ understanding.
They both understand that we are taking parts of a whole and they seem familiar with
which pattern blocks represent which fraction. [TCB6]
Jorge really understands the meaning of fractions; he’s got everything down and knows
how to explain everything clearly. Jessica understands the part of the fraction and how to
make up a whole. [TCB8]
All participants identified that Jessica did not understand the order in which to work the problem.
Artifact discussion. The analysis revealed that all participants stated that Jorge understood
how to work the problem. TCB7 initially claimed that Jorge recorded an inaccurate number
sentence. However, the other participants were able to correct this inaccuracy by connecting the
mathematics in this problem to whole number multiplication. The participants stated that Jorge
created half groups of one-third and Jessica created third groups of one-half. Lastly, all
participants claimed that the class understood that their processes were different. For this artifact
discussion, TCB5, TCB7, and TCB8 all roughly provided about the same amount of segments.
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However, TCB6 only provided one segment which did not match to any framework. Therefore,
when I mention all participants, I will be referring to TCB5, TCB7, and TCB8.
Professional noticing framework. The analysis indicated four segments in which
participants described Jorge’s and Jessica’s solution processes, two of which were inaccurate and
related to the inaccurate number sentence. The following quote represents this inaccurate
segment. I have underlined the inaccurate statement within this quote.
They both wrote one-half times one-third, but he should have written a third times a half,
because he broke it down into a third first and then a half. [TCB7]
The analysis uncovered 10 segments in which participants interpreted Jorge’s and Jessica’s
understandings, one of which was detailed. The quotes below demonstrate these interpretations.
One of them [fractions] is how much is in a group and one [fraction] is how many groups.
Okay, one half groups of one-third. Jessica did third groups of a half. [TCB5]
Lastly, the analysis revealed one segment in which TCB8 recognized that precision and order are
important as a teacher.
MKT framework. The analysis indicated 12 segments coded as SCK and one segment
coded as KCT. The following quote represents the segment coded as KCT.
Like, I know the teachers like it doesn’t matter how you write it, blah, blah, blah, you’re
going to get the same answer, whatever, But like, how we really learn things now, it’s
kind of like your order, like really, the order of how everything is said really matters, you
know? [TCB8]
I coded this statement as KCT because precision, the order in which statements are made, could
be involved in students developing misconceptions. Therefore, if precision matters, then these
students may not develop these misconceptions.
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Artifact six. A detailed description of artifact six can be found in Chapter 3. This
description includes a detailed account of Maria’s solution process and the mathematical
understandings or lack of understanding for this child.
Reflection questions. TCB5, TCB6, and TCB8 drew pictures for Maria’s explanation.
TCB5 also included words to complete Maria’s solution process, whereas TCB6 and TCB8 did
not include words. These pictures were consistent with Maria’s explanations and accurate based
on her work. TCB7 described the pieces that Maria used and the value of the pieces, but did not
provide a solution. The following excerpts represent two descriptions of Maria’s solution
process.
She drew two hexagons and one trapezoid. Then, divided into thirds and counted how
many there were. [TCB5]
Used pattern blocks, two hexagons equaled two cups; one trapezoid equaled one-half
cup; one rhombus equaled one-third measuring cup. [TCB7]
The participants were not consistent in identifying Maria’s understandings or lack of
understanding. TCB5 and TCB8 stated that Maria understood the values of the pattern block
pieces. TCB5 and TCB6 claimed that Maria understood the parts that make up a whole.
Additionally, TCB7 mentioned that Maria understood that a whole consisted of equal parts.
Together, the participants provided all of Maria’s understandings. All participants believed that
Maria misinterpreted the value of her triangle. Moreover, TCB5 and TCB7 stated that this
misunderstanding occurred due to the fact that she switched her wholes.
Artifact discussion. The analysis revealed that TCB7 and TCB8 believed that Maria
understood the entire problem until she created her leftover triangle. When she recorded her
solution, these two participants claimed that she mixed her wholes. For this artifact discussion,
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TCB7 and TCB8 provided four and three segments, respectively. Even though TCB5 was
present for the artifact discussion, this participant did not provide any meaningful responses.
Additionally, TCB6 provided one segment.
Professional noticing framework. The analysis indicated three segments in which TCB7
and TCB8 interpreted Maria’s understandings or lack of understanding, one of which was
detailed. The following quote demonstrates the detailed interpretation of Maria’s work.
She was just looking at a different whole. Like she was looking at the hexagon as a
whole, but we’re looking for the amount of scoops, not the pieces of the whole. . . . There
would be . . . three scoops in a hexagon. There would be six halves of a scoop. [TCB7]
MKT framework. The analysis uncovered three segments coded as SCK. The following
excerpt represents one of the segments coded as SCK.
I mean she does understand like that’s what each block represents to make up a whole,
and she knows that it takes six one-thirds to make up two cups. She just got confused
with the one-sixth. She was just looking at it as the number instead of looking at it as a
half. [TCB8]
Group 5B Summary. In reference to the reflection handouts, all understandings and
misunderstandings were identified, but not by every participant. However, most of the written
descriptions and interpretations were not detailed. Only TCB5 was consistent in providing
detailed descriptions for each artifact. If participants were given the explanation in words, then
the recorded statements were not detailed. On five of the six artifacts, participants provided
pictures to help understand the students’ explanations. When pictures were provided by the
participants, these pictures were consistent with participants’ expectations (i.e., shading wholes
to represent values instead of shading the rest of the whole).
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With regards to the artifact discussions, these participants had difficulty understanding
student solution processes from the explanations that they were provided. Often times, these
participants made statements such as “maybe,” “I guess,” and “I’m not sure” when attempting to
explain the students’ solution processes. These participants recognized that having the work
along with the explanations would have made it easier to describe the students’ solution
processes and their understandings and misunderstandings. On most of the artifacts, the
participants expressed that an explanation is important to understanding; that if a student cannot
explain their process then they do not understand their process. Lastly, the participants identified
that as teachers, what they say and do matters.
After analyzing all six artifacts, I have provided the number of times each code appeared
for each artifact discussion, which can be found in Table 14. The participants did not discuss
instruction-related topics on artifacts two and six. Additionally, the participants did not provide
any detailed inaccurate interpretations.
The analysis indicated 99 segments coded with the professional noticing framework. For
Group 5B, the participants provided 83 accurate segments, which was equivalent to 83.83%. The
participants supplied 15 detailed segments, which was equivalent to 15.15% of the total
segments. Additionally, the participants supplied 14 detailed accurate segments, which was
equivalent to 14.14% of the total segments.
The analysis revealed 80 segments coded with the MKT framework. The participants
provided 68 segments coded as SCK, which was of particular interest for this study. Most of the
segments that were coded reflected a very low level of knowledge. In most instances, the
comments that were coded as MKT related to the topics within that domain; however, the
participants may not have possessed the knowledge related to that domain.
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Table 14
Amount of Codes per Artifact for Group 5B
Artifacts
Codes
100
101
110
111

1
--7
2

2
--1
1

3
2
-1
1

4
-1
3
1

5
2
-2
--

6
-----

Total
4
1
14
5

200
201
210
211

10
-21
1

--8
2

1
-3
1

--2
3

--9
1

--2
1

11
0
45
9

300
301
310
311

--3
--

-----

--4
--

--2
--

--1
--

-----

0
0
10
0

CCK
SCK
HCK
KCS
KCT

-27
-3
--

-10
-1
--

2
6
--3

-10
--2

-12
--1

-3
----

2
68
0
4
6

Note: All number codes pertained to the professional noticing framework; All letter codes related
to the MKT framework; The dashes represent places that data were not present.
Section B Analysis
All participants within both groups were able to discuss student solution processes and
accurately interpret understandings and misunderstandings within these solution processes to a
degree. The explanations that were provided by the participants on the reflection handouts
oftentimes did not include details. The details that were often missing, however, were addressed
by at least one participant within the group. When provided with a verbal explanation, these
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participants were able to give detailed descriptions both on the reflection handouts and during the
artifact discussion. Lastly, when participants within these two groups were given vignettes, they
discussed other student understandings and recorded answers. For example, on artifact four
participants attempted to justify why the child had initially recorded a three before recording
one-fourth.
As for the professional noticing framework, the participants within Group 5B consistently
provided more segments coded as level two than level one on all six artifacts. This consistency
resulted in these participants providing approximately twice as many segments coded at level
two than at level one. The same cannot be said, however, in regards to Group 2. Group 2
supplied approximately the same amount of segments coded at level one as level two. In the
following paragraphs, I will discuss uncertainty, knowledge, and unexpected student solution
processes as it pertained to participants for all six artifacts.
Uncertainty. In terms of the missing work, both groups recognized that this work would
have been beneficial in completely understanding the solution process and interpreting the
students’ understandings and misunderstandings. Nevertheless, when detailed explanations were
provided the participants had no such concern. When the work was missing, the participants
recreated the work based on the explanations. Oftentimes the work that was provided was
appropriate for the explanations; however, some of the explanations did not provide all of the
details for the solution process. Therefore, some of the recreated work contrasted to the actual
student work. Overall, the participants were able to use the explanations as well as their own
created pictures to describe and interpret the children’s understandings and misunderstandings.
Knowledge. For both groups within Section B, the participants did not attend to
precision. When their discussions involved percent values, these participants did not consistently
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use percent symbols. None of the participants within these two groups possessed a conceptual
misunderstanding for the content addressed in these artifacts. With regards to the MKT
framework, the participants within Group 2 provided no segments coded as CCK. Similarly, the
participants within Group 5B supplied only two segments coded as CCK. Therefore, both of
these groups provided very little if any segments coded as CCK. In contrast, both groups
provided a substantial amount of segments coded as SCK.
Unexpected solution processes. The only unexpected student solution process for
Section B occurred during artifact one. All participants but one believed that student three’s
solution process was inaccurate or inappropriate. However, for Group 2 the participant who felt
that student three’s solution process was appropriate was able to convince the rest of the group
by acting out the solution process. The unexpected solution process on artifact four did not occur
for Section B, because the unexpected part was not mentioned in the explanation. These same
ideas can be seen within the coding for the professional noticing framework since both groups
provided inaccurate segments that pertained to student three’s solution process and
misunderstandings. For artifact one, Group 5B supplied 10 inaccurate segments with regards to
student three’s misunderstandings. In contrast, Group 2 provided four inaccurate segments in
regards to student three’s solution process and six inaccurate segments with respect to student
three’s misunderstandings.
Section C (Work)
The two groups of interest from Group C were referred to as Group 5C and Group 8. The
C that was included within this name is to distinguish between Group 5 in Section C and Group 5
in section B that was also of interest to this study. The participants within these two groups were
labeled as follows: TCC1, TCC2, TCC3, TCC4, TCC5, TCC6, TCC7, and TCC8. Group 5C
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consisted of teacher candidates 1-4, and Group 8 consisted of teacher candidates 5-8. Labels
were placed on participants based on alphabetical order within the group. In the following
paragraphs, I will describe each group as a whole and compare the two groups for the third unit
of analysis.
Group 5C. All four participants were present for all six artifacts. In the following
paragraphs, I will summarize the comments written on the reflection handouts and the artifact
discussions. The comments that participants recorded on the reflection handouts during the
artifact discussion will be in bold.
Artifact one. A detailed description of artifact one can be found in Chapter 3. This
description includes a detailed account of each child’s solution process and the mathematical
understandings or lack of understanding for each child. Images of the artifacts can be found in
Figures 1, 2, and 3. Section C received the work (e.g., pictures) without explanations within
these figures.
Reflection questions. All participants were able to provide accurate statements regarding
the solution process for each child. However, these statements were usually recorded under the
questions regarding understandings and misunderstandings of the students. Even though all
participants provided accurate statements, these statements were not detailed for any of the
students’ solution processes. TCC2 and TCC4 were the only participants to mention folding in
their description. TCC1 and TCC3 mentioned making groups based on the number in the
denominator. The following quote represents TCC3’s description of student one’s solution
process.
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Student one grouped each fraction into the number of groups as the denominator. Then,
he shaded the first group in each set to represent each numerator that was the one.
[TCC3]
In regards to student two’s solution method, TCC1 and TCC3 mentioned that the student shaded
the number of parts based on the denominator. TCC1 and TCC2 recognized this method as
inaccurate, whereas TCC4 described the value represented by each of the student’s models. All
participants were able to accurately describe student three’s solution process; however, all
participants recorded statements during the artifact discussion that referred to student three’s
process as inaccurate. The following excerpt demonstrates this idea.
Student three drew lines to separate each group and colored one space in each group, but
they are wrong. [TCC2]
As for the students’ understandings and misunderstandings, all participants claimed that
student one understood how to model fractions. TCC1 and TCC2 believed that student two
understood how to model one-half; however, TCC4 stated that student two did not have this
understanding because one-half and one-sixth were equivalent models. TCC4 was the only
participant to mention that student three’s solution process was inappropriate.
Artifact discussion. The analysis revealed that all participants were able to accurately
describe solution processes and interpret understanding or lack of understanding for students one
and two. However, the majority of the discussion surrounded the appropriateness of student
three’s solution process. TCC3 provided the most segments with 10, then TCC2 with eight,
TCC1 with six, and TCC4 with three.
Professional noticing framework. The analysis indicated 15 segments where participants
described the students’ solution processes, 10 of which were accurate. All but two of the
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descriptions pertained to student three’s solution process. The following quotes represent
accurate descriptions of student three’s solution process.
I think so, because if you look where they drew their Sharpie line, it was every three
spaces for one-third. Every two spaces for one-half. Every four spaces for one-fourth.
[TCC2]
So they didn’t shade in the number in the denominator but the number of spaces in
between. [TCC1]
The analysis uncovered 10 segments in which participants interpreted the students’
understandings or misunderstandings, five of which were accurate. The inaccurate segments
referred to the interpretation of student three’s understandings and misunderstandings. The
following quote demonstrates an accurate detailed interpretation of student one’s understandings.
Okay, I said that student number one understood the problem best because they showed,
like, for instance, in one-half they showed two groups and shaded in the six parts to
represent one-half. [TCC3]
Lastly, the analysis indicated three segments in which participants discussed the appropriateness
of student three’s solution process.
MKT framework. The analysis revealed 11 segments coded as SCK. The following quotes
represent segments coded as SCK.
They [student one and three] understood that it [fraction] was part of it [whole]. [TCC4]
I said student number one treated one-half as one group of six, which is correct. [TCC3]
The only thing is, like I get what you’re saying, but the thing is, they [student three] did
do one, two, three, then they did one, two, three. Like they didn’t just do three groups.
[TCC3]
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Artifact two. A detailed description of artifact two can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the
mathematical understandings or lack of understanding for this child. Images of the artifact
created from the video can be found in Figure 5.
Reflection questions. TCC1 and TCC4 claimed that it was difficult to describe the
student’s solution process since she did not provide any work or explanation. However, these
participants stated the amount of fraction pairs that were inaccurately compared. TCC2 provided
circled responses to each fraction pair. The following quote represents TCC4’s description of this
child’s solution process.
The child did not show how they determined which fraction was bigger. The child also
did not solve three of the five problems correctly. I am unable to see how they compared
each fraction because there is no explanation or work shown. [TCC4]
Similar to artifact one, the participants provided details of the child’s solution process within
their interpretations. The participants stated that the child could not simplify fractions.
Additionally, the participants stated that the child thought that one would be greater than all
fractions. The quote below demonstrates TCC1’s interpretation of the child’s misunderstandings.
He does not understand that some fractions can be simplified to equal another fraction.
For example, he circled one-half to mean that one-half is bigger than three-sixths when
really they are equal. [TCC1]
Artifact discussion. The analysis revealed that the participants were able to have a richer
discussion of the child’s understandings and lack of understanding as compared to their written
responses to the reflection questions. Additionally, the participants discussed several instructionrelated topics such as grade level introduction of material and typical instruction provided by
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teachers in terms of fractions. For this discussion TCC2 and TCC3 provided the most segments
with 14 and 12, respectively. TCC1 and TCC4 provided eight and four segments, respectively.
Professional noticing framework. The analysis indicated 11 segments in which
participants interpreted the child’s understandings or lack of understanding, five of which were
detailed. The first quote below represents a detailed interpretation of the child’s understanding.
The second quote below demonstrates an interpretation of the child’s lack of understanding.
I also thought that maybe they might have discussed on the first one, but they could have
though that since it was divided into six pieces that there were less pieces than the eighths
it meant that they could be bigger, maybe, but I don’t know if they thought that. [TCC1]
They [the child] said that one was bigger than four-fourths, and also four-thirds was
larger than the one, but they just circled – like they think whole numbers are bigger than
any fraction. [TCC2]
Similar to artifact two, the participants provided accurate descriptions and interpretations, then
would follow these statements with “I don’t know” or “maybe.” Lastly, the analysis indicated
nine segments where participants discussed instruction-related topics. The following quotes
represent these ideas.
What grade do you start learning about fractions? [TCC4]
I just can’t believe they [the child] would choose one-half as bigger, because that’s like
something you’d learn like really like basic. That’s one that I feel a lot of teachers use in
examples all the time, three-sixths is one-half and two-fourths is one-half. [TCC2]
MKT framework. The analysis indicated 13 segments coded as SCK, two segments coded
as KCS, and five segments coded as KCT. The following quotes represent segments coded as
SCK.
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They don’t know how to do improper fractions. [TCC4]
They might have thought because this one has a smaller denominator that the pieces are
larger. I guess. [TCC1]
They didn’t know that one, like four-fourths, is a whole and that three-sixths is one-half.
[TCC4]
Artifact three. A detailed description of artifact three can be found in Chapter 3. This
description includes a detailed account of each pair’s solution process and the mathematical
understandings or lack of understanding for each pair of children. Within this artifact, three pairs
of students presented their work: Jalessa and Rachel, Omar and Marcus, and Tim and Daniel. I
will refer to each of these as pair one, pair two, and pair three, respectively.
Reflection questions. All of the participants were able to provide an accurate description
for at least one of the pairs’ solution processes. TCC3 supplied accurate detailed explanations for
all three pairs. The following excerpts represent these descriptions. The first excerpt represents a
detailed explanation, whereas the second excerpt lacks detail.
Jalessa and Rachel – They shaded in six squares to represent the six out of the 40. Then
to determine the percent of the shaded region, they divided 100 by 40 to get 2.5. They
figured out that each box is the value of 2.5% with six boxes shaded, each valued at
2.5%. Their answer was 15%. [TCC3]
Tim and Daniel knew that four squares made 10% and two squares made five percent. So
that together made 15%. [TCC1]
The underlined number in TCC3’s explanation lacked the percent symbol. Additionally, TCC1’s
comment lacked detail because this participant did not describe how pair three shaded the
rectangle.
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As for the children’s understandings or lack of understanding, TCC1, TCC3, and TCC4
stated that all pairs of children understood that the rectangle represented 100%. All participants
recognized that it was difficult to determine misunderstandings because there was not enough
work provided. This statement seems contradictory based on their detailed explanations.
Artifact discussions. The analysis revealed that one participant supplied Group 5B with
accurate detailed explanations for each pair’s solution process. The participants claimed that the
more detail that was provided within the work, then the easier it was to discuss the work. Based
on this assumption, they stated that pair two’s work was the most detailed. TCC3 dominated this
discussion with 13 segments. In contrast, TCC1, TCC2, and TCC4 provided five, nine, and six
segments, respectively.
Professional noticing framework. The analysis indicated nine segments where
participants provided inaccurate descriptions. These inaccuracies referred to terminology and
precision. Throughout the discussion, all of the participants would confuse columns with rows
and leave off the percent symbol within their explanations. The analysis also indicated six
segments where participants accurately described the children’s solution processes, three of
which were detailed. All three detailed explanations were provided by TCC3. Lastly, the analysis
uncovered six accurate interpretations of the children’s understandings, two of which were
detailed. The following quote represents one of the detailed interpretations provided by TCC2.
I just said that they knew that each square would be 2.5 even though Omar and Marcus
don’t say it. They would know how to find it because they did it for 90 percent and 10
percent. [TCC2]
Unlike artifact two, the participants did not discuss instruction-related topics.
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MKT framework. The analysis revealed 11 segments coded as SCK. The following quote
represents one of the SCK segments.
I think what Omar and Marcus tried to do is that they know [sic] that you had [sic]
shaded [sic] in six, so they shaded in 1, 2, 3, 4, 5, 6, and then they did six more, and then
they did six more as far as they could. [TCC1]
Artifact four. A detailed description of artifact four can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child. An image of the artifact created from the
video can be found in Figure 6.
Reflection questions. TCC4 provided the only detailed accurate explanation for this
child’s solution process. The other participants provided accurate descriptions of her process;
however, these descriptions lacked detail and were often vague. The following excerpt represents
TCC4’s detailed explanation.
What the student did was shade the part they weren’t including in the problem. So for
three-fourths they showed that only one part was shaded because there was a one-fourth
part missing from the whole. For one-half, they did something similar shading in one of
the two parts of the whole. Then they took two unshaded parts from three-fourths and one
unshaded part from one half to make a whole. The student still had one-fourth part
remaining to show the solution one and one-fourth. [TCC4]
As for the child’s understandings, TCC1 and TCC4 mentioned that this child could add fractions.
TCC2 and TCC3 recorded similar statements after the artifact discussion. Additionally TCC4
stated that this child understood parts of a whole. TCC2 and TCC3 recorded similar statements

170

after the artifact discussion. Some of the participants mentioned that this child may not know
fractions. The quote below represents TCC1’s interpretation of this child’s understandings.
They understood mixed numbers and how to add fractions. This is because they got the
right answer. When they added the fractions, they just drew it wrong. Maybe he knows
how to draw it, just in his own way. He needs to explain the way he drew it. [TCC1]
All of the participants recognized that this child modeled fractions differently. As for the child’s
lack of understanding, TCC4 mentioned that the child could have been clearer with the
remaining piece.
Artifact discussion. Similar to the previous artifact discussions, the analysis revealed that
TCC3 shared detailed explanations of the child’s solution process and understandings to the
group. TCC2 recognized that TCC3 was good at analyzing student work. The participants
mentioned the three that the child originally recorded, but did not attempt to explain where this
value came from. Like the preceding artifacts, the participants felt that they did not have enough
time to finish the questions on the reflection handout. Not surprisingly, TCC3 provided the most
segments for this discussion. However, TCC4, the participant who provided the most detail on
the reflection handout, did not provide any meaningful responses during the artifact discussion.
Therefore, when I refer to participants below, I will be referring to TCC1, TCC2, and TCC3.
Professional noticing framework. The analysis indicated four segments in which
participants accurately described the child’s solution process, one of which was detailed. The
analysis also uncovered five segments in which participants interpreted the child’s
understandings or lack of understanding, two of which were detailed. TCC3 provided all of the
detailed segments. Similar to artifact three, the participants did not discuss instructional decision-
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making. The two quotes below demonstrate descriptions of the child’s solution process and
understandings, respectively.
I mean like I agree with what you said now that I’m looking at it. They shaded what they
didn’t add up for their answer. [TCC2]
Yeah, I mean I guess like it shows that they know that there’s one part of the four
missing, so it does show it. [TCC3]
Both of these quotes referred to the way that the child shaded her fractions.
MKT framework. The analysis revealed eight segments coded as SCK. The following
quote represents one of the segments coded as SCK.
Yeah, But then, okay, so then I said that the child understands that you have to have three
parts of the four, for three-fourths, and one part out of the two to represent three-fourths
and one-half, and that they’re able to put it together, what they didn’t shade, to make that.
[TCC3]
Artifact five. A detailed description of artifact five can be found in Chapter 3. This
description includes a detailed account of each child’s (Jorge and Jessica) solution process and
the mathematical understandings or lack of understanding for each child. Images of the artifact
can be found in Figures 7 and 8.
Reflection questions. All of the participants, except for TCC2, were able to provide
accurate detailed descriptions of Jorge’s solution process. TCC2 accurately described Jorge’s
solution process; however, this participant stated that his number sentence did not represent that
process. After the artifact discussion, TCC2 corrected this statement. In reference to Jessica’s
solution process, TCC3 and TCC4 were able to accurately describe her process in detail. In
contrast, TCC1 and TCC2 inaccurately described her solution process. The first quote below
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represents an accurate description of Jessica’s solution process. The second quote below
demonstrates one of the inaccurate descriptions of her process.
Jessica solved the problem a little differently. Jessica divided the whole in half or two
parts to begin. Then in one of the parts, she divided [sic] three equal parts. So she
modeled hers opposite Jorge [sic]. Then she said

1 1 1
  [TCC4]
2 3 6

Jessica divided her hexagon into one-half, one-third, and then one-sixth. She then
“halfed” [sic] the one-third, essentially, she still got one-half of one-third, but she didn’t
model the action of the problem. [TCC1]
In the second quote, TCC1 was accurate in stating the order in which Jessica modeled her
fractions and that she didn’t model the action of the problem; however, Jessica did not find onehalf of one-third.
As for the children’s understandings and misunderstandings, TCC1 and TCC2 were
unable to accurately interpret the children’s understandings or lack of understanding due to their
own misunderstanding of the problem. With regards to TCC3 and TCC4, both of these
participants claimed that Jessica worked the problem backwards, which was identified as a
misunderstanding.
Artifact discussion. The analysis revealed that all of the participants recognized that
Jorge’s solution method was their own solution method. TCC2 stated that Jorge’s number
sentence was inaccurate; however, the other participants were able to convince TCC2 that Jorge
found half of his third. Unsurprisingly, the same inaccuracies that were recorded on the reflection
handouts were discussed during the artifact discussion. However, toward the end of the artifact
discussion, TCC3 and TCC1 accurately interpreted the expression for Jessica’s solution process.
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TCC2, TCC3, and TCC4 all provided roughly the same amount of segments with 12, 13, and 11,
respectively. In contrast, TCC1 supplied eight segments.
Professional noticing framework. The analysis indicated two segments in which
participants inaccurately described the children’s solution processes and two segments where
participants inaccurately interpreted the children’s understandings or lack of understanding. The
inaccurate segments related to the conceptual misunderstanding of the number sentence. The
analysis also indicated nine segments in which participants accurately described the children’s
solution processes. The following quote represents an accurate description of Jessica’s solution
process.
I thought Jessica did one half and then she split one of her halves into three parts. [TCC3]
The analysis uncovered two segments where participants provided accurate
interpretations of the children’s understandings or lack of understanding, one of which
was detailed. The following excerpt demonstrates the detailed interpretation, which
included both children.
I think he [Jorge] understood the problem better. I think that he understood that it was
three parts of the whole and that you’re trying to find half of one of the parts. Whereas,
she [Jessica] looked at it as [sic] it was two parts, and then one of the parts she broke into
a third, even though she still got the correct answer. [TCC3]
Lastly, the analysis revealed two segments in which participants discussed instruction-related
topics. These topics included the “of” key word related to multiplication and a lack of
questioning. In the vignette, after Jorge presented, none of the children in the classroom asked
any questions. The participants felt that the lack of questions should say something about the
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accuracy of the solution process. However, research has shown that a lack of questions could be
related to the classroom environment rather than the accuracy of a solution process.
MKT framework. The analysis revealed 11 segments coded as SCK, three segments
coded as CCK, and one segment coded as KCT. The segment coded as KCT referred to the “of”
key word, even though this key word does not imply an operation. The following quote
represents one of the segments coded as CCK.
So if you’re really modeling what it says, it [half of a third] would have to be

1 1
 .
2 3

[TCC3]
I coded this segment as CCK, because TCC3 provided a general statement regarding an
expression without connecting it to a particular student’s solution process.
Online group discussion. For the artifact discussion, the participants provided statements
that revealed their own conceptual lack of understanding. I wanted to determine what
understanding they had about the problem. I examined their posts for the online group
discussion. All of the participants had solution processes that were the same as Jorge’s. The
participants differed, however, in their recorded number sentences. TCC1 and TCC2 recorded
division number sentences. TCC3 and TCC4 recorded the same subtraction number sentence. All
three number sentences can be found below.
1 1 1
  [TCC1]
3 2 6

6  3  2 , 2  2  1 [TCC2]
1 1 1
  [TCC3; TCC4]
3 2 6
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All participants provided inaccurate number sentences. TCC1, TCC3, and TCC4 provided
number sentences with an inaccurate solution. The solution for TCC1’s number sentence should
have been

2
1
. The solution for TCC3’s and TCC4’s number sentence should have been  .
3
6

This particular number sentence was common for participants, because they claimed that they
were taking half of the third and equated that with subtraction. Even though the mathematics was
accurate within TCC2’s number sentence, the values were not appropriate based on the whole
that was identified, hexagon. Based on both sources of data, the participants were able to
describe Jorge’s solution process because his process was the same as their own. However, their
lack of understanding in recording the number sentence hindered their ability to accurately
discuss the children’s understandings and lack of understanding.
Artifact six. A detailed description of artifact six can be found in Chapter 3. This
description includes a detailed account of Maria’s solution process and the mathematical
understandings or lack of understanding for this child. An image of Maria’s work can be found
in Figure 9.
Reflection questions. All of the participants were able to provide accurate descriptions of
Maria’s solution process. However, some of the details within her work were not provided in all
of the descriptions. The following quotes represent descriptions of Maria’s solution process.
Maria divided her whole into thirds. Then she counted how many “scoops” she had by
counting her rhombi. Then she knew half a scoop was half a rhombi [sic], which is a
triangle or one-sixth. So, she got seven and one-sixth. [TCC2]
She drew two wholes to represent the two in the mixed number, and then she drew half of
the next whole. She divided the first two wholes into thirds and set them equal to one
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cup, then for the third one, she knew that one rhombus went into half, but one-sixth
would be left over. [TCC3]
For TCC2’s description, the participant failed to mention how she modeled two and a half. For
TCC3’s description, the participant failed to mention that the trapezoid (half) was separated into
a rhombus and a triangle.
As for Maria’s understandings or lack of understanding, TCC1, TCC2, and TCC4 stated
that Maria understood the values of the pattern block pieces. Additionally, TCC1 and TCC3
stated that Maria understood parts of a whole. In regards to Maria’s misunderstanding, TCC3
was the only participant to mention that her interpretation of the triangle was inaccurate. After
the artifact discussion, TCC1, TCC2, and TCC4 recorded similar statements.
Artifact discussion. The analysis indicated that TCC2 was the only participant to provide
a detailed description of Maria’s solution process. Some participants thought that Measuring
Scoops was a division problem; however, all of the participants agreed with the interpretation of
the remaining triangle. The participants mentioned that the triangle represented half of a
rhombus, but did not discuss how the value related to Maria’s solution. Lastly, TCC2 and TCC4
provided statements that referred to fifteen-sixths as a solution to this problem, which was
inaccurate. TCC2 and TCC4 provided the most segments with 13 and 12, respectively. In
contrast, TCC1 and TCC3 provided nine and six segments, respectively.
Professional noticing framework. The analysis revealed six segments where participants
accurately described Maria’s solution process, one of which was detailed. The first quote
represents a description of Maria’s solution process that lacked detail. The second quote
demonstrates the only detailed accurate description.
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She drew out two and a half, then divided two and a half into thirds and when she did,
she saw that once she got into thirds, she still had a triangle left over. [TCC1]
She used the yellow hexagon as her whole. So she drew out one whole hexagon, another
whole hexagon for the two, and then half of a hexagon for the two and a half. So then
she’s like, “I need to make this thirds.” So she makes it into rhombi. She gets three in the
first one, three in the second one, so she has six, and there’s a third in the half. But then
she’s like okay, “I have seven, yeah, I have seven thirds, but there’s still a triangle left.”
So she obviously knew that a triangle is one-sixth of the whole [cup]. [TCC2]
The analysis uncovered two segments in which participants accurately interpreted Maria’s
understanding. The following quotes represent the two interpretations.
She’s right though in the one-sixth because the triangle is one-sixth [of the hexagon].
[TCC4]
She knew that the rhombus is one-third of the whole, because she got the right answer.
[TCC2]
While these statements may be accurate, the participants have not provided details within these
statements. The analysis also uncovered one segment where participants referred to instructionrelated topics. The participants felt that they should be more specific in their explanations
oftentimes more so than their students.
MKT framework. The analysis revealed four segments coded as SCK and one segment
coded as CCK. The following quote represents the segment that was coded as CCK.
And since rhombuses represent one-third, a triangle is half of a rhombus, and that’s onesixth. [TCC4]
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I coded this statement as CCK because TCC4 accurately described the value of the pattern block
pieces but did not relate this to Maria’s solution process.
Online group discussion. In regards to the inaccurate solution, TCC2 and TCC4
questioned whether this problem was a division or a multiplication problem. I wanted to
determine what understanding these two participants had about the problem so I examined their
posts for the online group discussion. TCC2 and TCC4 provided seven and one-half as a solution
to Measuring Scoops. Surprisingly, this solution was not addressed during the artifact discussion.
Additionally, TCC4 provided the appropriate division number sentence 2

1 1
1
  7 . In
2 3
2

comparison to Maria’s solution process, TCC2 modeled the problem in the same way, whereas
TCC4 provided an example using a number line. However, TCC4’s solution process was similar
to Maria’s. Unlike artifact five, where the inaccuracies from the online group discussion helped
to explain why there were inaccuracies within the artifact discussion, no such comparison could
be made for TCC2 and TCC4.
Group 5C Summary. In reference to the reflection handouts, participants placed some of
their descriptions of the children’s solution processes under the interpretation questions. Only
one or two participants were able to provide accurate detailed descriptions and interpretations on
all six artifacts. For all artifacts except for artifact four, the participant who provided the most
detailed descriptions and interpretations tended to provide the most segments during the artifact
discussion. Most of the participants claimed that there was not enough time to answer all of the
questions on the reflection handouts. Additionally, most of the participants stated that the student
work did not have enough information to answer all of the reflection questions. Therefore, the
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lack of detailed responses on the reflection handouts could be attributed to either instance, maybe
both.
With respect to the artifact discussions, artifact two, when compared to the other artifacts,
contained a major focus on instruction and why the child did not understand. The participants
were able to mostly provide accurate descriptions for the children’s solution processes but were
not confident in their responses. Inaccuracies occurred on four of the artifact discussions.
Artifact one’s inaccuracies surrounded whether student three’s method for modeling fractions
was appropriate. Artifact three’s inaccuracies pertained to precision. Artifact five and six’s
inaccuracies related to participant conceptual misunderstandings. These misunderstandings
prevented the participants from accurately discussing solution processes and understandings or
misunderstandings.
After analyzing all six artifacts, I have provided the number of times each code appeared
for each artifact discussion, which can be found in Table 15. The participants did not discuss
instruction-related topics for artifacts three and four. The participants did not provide detailed
inaccurate segments to the students’ understandings or lack of understanding.
The analysis revealed 111 segments coded with the professional noticing framework. For
Group 5C, the participants provided 78 accurate segments, which was equivalent to 70.27%. The
participants supplied 18 detailed segments, which was equivalent to 16.22% of the total
segments. Lastly, the participants provided 16 accurate detailed segments, which was equivalent
to 14.41% of the total segments.
The analysis indicated 70 segments coded with the MKT framework. The participants
supplied 58 segments coded as SCK, which was of particular interest of this study. Most of the
segments that were coded reflected a very low level of knowledge. In most instances, the
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comments that were coded as MKT related to the topics within that domain; however, the
participants may not have possessed the knowledge related to that domain.

Table 15
Amount of Codes per Artifact for Group 5C
Artifacts
Codes
100
101
110
111

1
4
1
10
--

2
--2
--

3
9
-3
3

4
1
-3
1

5
2
-9
--

6
--5
1

Total
16
1
32
5

200
201
210
211

5
-4
1

1
-5
5

1
-4
2

2
-3
2

2
-1
1

1
-2
--

12
0
19
11

300
301
310
311

2
-1
--

--9
--

-----

-----

1
1
---

--1
--

3
1
11
0

CCK
SCK
HCK
KCS
KCT

-11
----

-13
-2
5

-11
----

-8
----

3
11
--1

1
4
----

4
58
0
2
6

Note: All number codes pertained to the professional noticing framework; All letter codes related
to the MKT framework; The dashes represent places that data were not present.
Group 8. All four participants were present for all six artifacts. In the following
paragraphs, I will summarize the comments written on the reflection handouts and the artifact
discussions. The comments that participants recorded on the reflection handouts during the
artifact discussion will be in bold.
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Artifact one. A detailed description of artifact one can be found in Chapter 3. This
description includes a detailed account of each child’s solution process and the mathematical
understandings or lack of understanding for each child. Images of the artifacts can be found in
Figures 1, 2, and 3. Section C received the work (e.g., pictures) without explanations within
these figures.
Reflection questions. TCC6 did not turn in the reflection handout for artifact one.
Therefore, when I mention all participants for this artifact, I will be referring to TCC5, TCC7,
and TCC8. All participants were able to provide accurate descriptions for each child’s solution
process; however, these descriptions lacked detail. For student one, none of the participants
mentioned folding or equal-sized groups when describing student one’s solution process. The
following quote represents TCC7’s description of student one’s solution process.
Student one shaded the bottom portion of the strip to represent each fraction. [TCC7]
TCC7 and TCC8 stated that student two shaded the number of parts found in the denominator
except for one-half. TCC5 did not make this general statement; instead, this participant chose to
describe each fraction in detail. The excerpt below includes these details.
One-half, shaded six of the twelve boxes – clear that half of the boxes are shaded.
One-third, shaded three of the twelve boxes – shaded three boxes of one whole.
One-fourth, shaded four of the twelve boxes – shaded four boxes of one whole.
One-sixth, shaded six of the twelve boxes – shaded six boxes of one whole. [TCC5]
TCC5 did not provide a description for student three’s solution process. TCC7 recognized that
student three shaded in the opposite way to student one. Lastly, TCC8 provided a detailed
explanation for one half. The following quote represents this explanation.
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Student three got the correct answer for the fractions, but just made individual
distinctions per fraction. For instance, for one-half, she colored in every other block,
which was six, but still ended up having one-half of the block shaded. [TCC8]
As for the children’s understandings or lack of understanding, the participants were able to
accurately interpret student one’s and student two’s understandings or lack of understanding.
Interestingly, the participants provided detailed descriptions within their interpretations, more so
than for the description question. The following quote demonstrates an interpretation that was
placed during the artifact discussion that pertained to student three’s misunderstanding.
Student three seemed to understand the concept and came up with the correct
answer, but in the wrong way according to how the fraction should be represented.
[TCC7]
All of the participants had a part-whole understanding of fractions. Therefore, when student three
provided a ratio model, which was different from the part-whole model, these participants
claimed that it was inaccurate.
Artifact discussion. The analysis revealed that all of the participants mentioned that all
three students created parts of a whole. For student one, the participants stated that this child
folded their paper to create each fraction. All of the participants claimed that student one
understood equal-sized groups. However, the participants mentioned that student two did not
understand the concept of fractions since this student shaded the number of parts that were
present in the denominator. As for student three, some of the participants stated that student
three’s method was confusing. One of the participants did not understand student three’s solution
process; however, the other participants were able to explain student three’s process to make it
clearer. The only inaccuracy that existed during the artifact discussion resulted from the
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participants stating that student three understood the concept of fractions but not the value of
fractions. TCC7 and TCC8 provided the most segments with 13 and 14, respectively. In contrast,
TCC5 and TCC6 supplied four and eight segments respectively.
Professional noticing framework. The analysis indicated one segment where TCC7
inaccurately described student three’s solution process. The analysis also indicated four segments
in which participants inaccurately interpreted student three’s misunderstandings. These
participants claimed that student three understood the concept of a fraction, but not the value of a
fraction. These two statements contradicted each other. The analysis uncovered 10 segments
where participants accurately described the children’s solution processes. The following quote
represents a description of student one’s solution process.
They’re [student one] saying that they’re coloring one of two blocks [for one-half].
They’re coloring one of three blocks [for one-third]. They’re coloring one of four [for
one-fourth]. [TCC6]
The analysis also uncovered nine segments in which the participants accurately interpreted the
children’s understandings or lack of understanding, one of which was detailed. The quote below
demonstrates the detailed interpretation.
I said that child number two did not understand that the denominator shows how many
groups are in the whole, but just thought the denominator reflected on how many boxes
were to be shaded in the whole. [TCC6]
MKT framework. The analysis revealed 16 segments coded as SCK and one segment
coded as CCK. The segment coded as CCK pertained to a general description of shading a
fraction that was not connected to any of the three children. The excerpt below demonstrates one
segment that was coded as SCK.
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It’s like they’re [student three] doing the opposite, like whatever the opposite of the
fraction is, like one-sixth, there’s only one line representing two halves, but they’ve
shaded one-sixth of twelve. So it’s like they used both methods and put them together.
[TCC7]
I coded this segment as SCK because TCC7 attempted to make a connection between student
one’s method and student three’s method.
Artifact two. A detailed description of artifact two can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child. Images of the artifact created from the
video can be found in Figure 5.
Reflection questions. All of the participants claimed that this child guessed when it came
to which fraction was larger; however, their identified understandings and misunderstandings
contradicted this statement. All participants were able to provide detailed interpretations of the
child’s understandings and misunderstandings. TCC5 and TCC6 mentioned that the child
compared two-sevenths and one-seventh based on the numerator. TCC6 and TCC7 believed that
the child understood that the smaller denominator would produce larger pieces. As for the child’s
lack of understanding, all of the participants stated that the child did not understand equivalent
fractions; however, TCC5 and TCC8 were the only participants to use that terminology. All
participants mentioned that the child did not understand that fractions could be larger than one.
The excerpt below demonstrates TCC7’s interpretation of the child’s misunderstandings.
The child thought that more reduced fractions were greater, even though they were equal.
They also thought that one was greater in both cases, maybe because they think fractions
cannot be greater than one. They may see fractions as decimals less than one. They
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might think one-half is bigger because it sounds like a big piece whereas three-sixths
sounds like a bunch of small pieces. They also don’t understand that any number
over itself is one, like four-fourths. This messes up their understanding of fourthirds. [TCC7]
Artifact discussion. The analysis revealed that all of the participants claimed uncertainty
with providing descriptions and interpretations for this child’s solution process and
understandings or lack of understanding, respectively, because the artifact lacked explanation
and work. However, these participants were able to accurately identify that this child understood
all fractions to be less than one. Additionally, the participants mentioned with one-seventh and
two-sevenths that the child saw that the denominators were the same; therefore, she compared
her numerators. However, the participants showed concern in this interpretation due to the fact
that the child switched her answer to the appropriate solution after circling the wrong fraction
first. Lastly, the participants were not able to provide an interpretation for one-sixth and oneeighth but concluded that one-half may have been chosen because the child saw that a half would
be such a larger piece in comparison to the sixth. Similar to artifact one, TCC7 and TCC8
provided the most segments with 15 and 13, respectively. In contrast, TCC5 and TCC6 supplied
six and 10 segments, respectively.
Professional noticing framework. The analysis indicated three segments where TCC7 and
TCC8 described the child’s solution process, one of which was detailed. The analysis also
indicated 18 segments in which the participants interpreted the child’s understandings or lack of
understanding. The first quote below represents a segment that was coded for a detailed
description and an accurate interpretation. The second quote demonstrates a detailed
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interpretation of the child’s misunderstandings. Lastly, the third quote represents an
interpretation of the child’s misunderstandings that lacked detail.
The ones that compared to the number one, they [sic] circled one both times. I feel they
[sic] maybe that fractions are just like a form of like a decimal, less than one or
something. [TCC7]
I mean, obviously, they [sic] don’t understand how if the numerator and denominator are
the same, that it’s [fraction] equal to one, because if they [sic] did, they would have
gotten C right, and E. [TCC6]
They don’t know how to simplify. [TCC7]
I coded the last segment as an interpretation that lacked detail because TCC7 did not explain why
the child did not know how to simplify.
MKT framework. The analysis uncovered 20 segments coded as SCK and two segments
coded as CCK. Similar to artifact one, one of the two segments that were coded as CCK was a
description that was not related to the child’s solution process. The first quote represents the
other segment coded as CCK. The second quote demonstrates a segment that was coded as SCK.
Remember in my thinking how I said . . . this was three over three, because it had the
same numerator and denominator. It’s always one. [TCC6]
And then like the third one, they don’t understand that one isn’t always the biggest, like
for the four-thirds, you know. [TCC8]
Artifact three. A detailed description of artifact three can be found in Chapter 3. This
description includes a detailed account of each pair’s solution process and the mathematical
understandings or lack of understanding for each pair of children. Within this artifact, three pairs
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of students presented their work: Jalessa and Rachel, Omar and Marcus, and Tim and Daniel. I
will refer to each of these as pair one, pair two, and pair three, respectively.
Reflection questions. All of the participants were able to describe pair two’s and pair
three’s solution processes. However, all participants except for TCC7 recorded inaccuracies
within their description for pair one’s solution process. TCC8 stated that pair one found the
percentage of each square by taking the 10 rows and dividing them by four. Similarly, TCC5 and
TCC6 recorded this statement during the artifact discussion. This division produced the
appropriate value; however, the value of 10 referred to the column’s percentage rather than the
number of columns. All of the participants lacked precision within their explanations (i.e., did
not include the percent symbol or proper vocabulary for rows and columns). The following
excerpts demonstrate a description of each pair’s solution process.
Jalessa and Rachel multiplied 6 x 2.5 since each piece is worth 2.5%, but we don’t know
how they got this. They didn’t show any work or equal shading. [TCC7]
They [pair two] found that each row equals 10% and then split the rectangle into a section
of 90%. Then they divided 90 by 6 because they only colored 6 individual squares and
they got 15%. One of the groups is 15%, six equal groups. [TCC6]
Tim and Daniel knew that [sic] first column was 10% because there are 10 columns and
one was shaded. Then they shaded half of the next column making it 5%. This shows 4 +
2 = 6 shaded and 10% + 5% of the columns = 15% shaded. Maybe put more
explanation. [TCC5]
The underlined portions in the descriptions above represent where the participants lacked
precision.
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As for the children’s understandings or lack of understanding, TCC8 recorded a general
statement that all of the pairs understood percentages. TCC5 and TCC7 claimed that pair two and
three understood the percentage of each column. During the artifact discussion, TCC6 stated that
all of the children understood that the rectangle represented 100 percent. TCC7 and TCC8
recorded pair one’s lack of detail as a misunderstanding for this pair. TCC5 and TCC6 did not
provide any misunderstandings before the artifact discussion. However, TCC5 mentioned that
pair one may not understand that a column represented 10 percent.
Artifact discussion. The analysis revealed that all of the participants claimed uncertainty
with all three pairs of students. TCC7 attempted to describe pair one’s solution process in which
the pair of students randomly shaded six squares, and then found the value of each square.
However, all of the participants mentioned that they did not know how pair one determined that
each square was two and a half percent. They felt that this pair did not provide enough work to
accurately make a determination. In contrast to pair one, the participants believed that pair two’s
solution process was complex and more suitable for an advanced student. TCC8 accurately
explained pair two’s solution process.
As for pair three, all of the participants stated that this pair of children had the best
method for finding the shaded percentage and were able to accurately explain their solution
process. At this point, the participants noted that they were not able to get to all of the questions
on the reflection handout. However, TCC7 claimed that all of the students understood how to
find the percentage of shaded squares, but did so in different ways. This same participant
believed that if a child does not provide work then that child potentially does not understand how
to solve the problem. Throughout all of the explanations, the participants lacked precision in
there explanations (e.g., terminology and percent symbols). Similar to artifacts one and two,
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TCC7 provided the most segments with 17. In contrast, TCC5, TCC6, and TCC8 supplied 12,
nine, and 11 segments, respectively.
Professional noticing framework. The analysis indicated nine segments in which
participants lacked precision (e.g., percent symbol and terminology) in their descriptions or
interpretations. The analysis also indicated seven segments where participants described the
children’s solution processes. The following excerpt demonstrates a description of pair two’s
solution process.
So they’re [pair two] just throwing out that 10 percent and then they’re saying 90 divided
by the six. The six equal pieces. And saying that one of these is 15 percent. [TCC8]
The underlined value should have included a percent symbol. The analysis uncovered five
segments where participants interpreted the children’s understandings. In comparison to the first
two artifacts, this amount of interpretations was smaller. The following quote demonstrates one
segment that described why it was difficult to interpret the children’s understanding for pair one.
But like you just don’t know, like if, I don’t know. I feel like the first one, even though it
seems like they understood that 2.5 was for each piece [square], her work doesn’t show
that, so it’s almost like do they really understand, or are they just like, like I don’t know
how they got that, so it, like I just didn’t know what to write for what they didn’t
understand mathematically, the second question. I didn’t know, just because it wasn’t
detailed. [TCC7]
The italicized portion of the segment was coded for interpretation. The underlined value should
have included a percent symbol.
MKT framework. The analysis revealed 12 segments coded as SCK, one segment coded
as CCK, and one segment coded as KCS. The segment coded as CCK pertained to TCC7’s own
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solution process for the problem. The segment coded as KCS referred to pair two’s solution
process belonging to a more advanced student. The following quotes demonstrate segments that
were coded as SCK.
They [pair one] colored six random pieces [squares]. [TCC7]
They [pair three] understood that each column is ten percent. [TCC5]
Artifact four. A detailed description of artifact four can be found in Chapter 3. This
description includes a detailed account of a female child’s solution process and the mathematical
understandings or lack of understanding for this child. An image of the artifact created from the
video can be found in Figure 6.
Reflection questions. All of the participants recognized that the child modeled the value
of the fraction by shading the remaining parts within the whole. TCC6 and TCC7 provided
accurate detailed explanations of the student’s solution process. The following quote represents
TCC7’s explanation.
The child drew two pictures; one for three-fourths and one for one-half. They shaded in
one-fourth of the first picture, but I think they were showing that three-fourths was the
unshaded part, or the part that is visible. They added the two pictures together . . . to
make one unshaded whole, plus one-fourth left over. [TCC7]
Additionally, TCC8 provided an accurate description of the child’s solution process that lacked
detail. TCC5 was the only participant who included an inaccuracy within their description of
student one’s process. This participant referred to the one-fourth part as a triangle.
As for the child’s understandings, TCC7 and TCC8 claimed that the child understood
how to add fractions. TCC7 stated that the child understood the value of fractions. As for the
child’s misunderstandings, TCC5, TCC7, and TCC8 mentioned that the child may not have
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known that one-half and two-fourths was the same. TCC6 recorded this misunderstanding as an
understanding. During the artifact discussion, however, TCC6 provide a comment similar to the
other participants beside this statement. The excerpt below demonstrates TCC6’s interpretation
of the child’s understandings.
The child understands the value of fractions. He showed three-fourths and one-half
appropriately. He also understood that two-halves makes [sic] one-half when he put two
of the fourths in the other side of the half to make one whole. Maybe not. [TCC6]
Artifact discussion. The analysis revealed that all of the participants recognized that the
student shaded what was missing from the whole rather than shading the value of the fraction.
The participants provided critiques for this student’s work such as placing the leftover fourth in
the corresponding part in the second whole. The participants claimed that if the student shaded
what was leftover in the original models that the student should have shaded what was leftover in
the solution. Additionally, the participants mentioned that five-fourths was another solution for
this expression. They felt that this solution was not valid for this particular model, however,
because the one-half piece was not split into two-fourths. Similar to the first three artifacts,
TCC7 provided the most segments with 11. In contrast, TCC5, TCC6, and TCC8 supplied four,
seven, and eight segments, respectively.
Professional noticing framework. The analysis indicated six segments in which
participants described the child’s solution process. Most of these segments referred to the
shading within the model. The following quote represents TCC7’s description of the child’s
solution process.
Yeah, it’s like they’re shading, or like whatever’s not shaded is what is visible. [TCC7]
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Several times throughout the artifact discussion, the participants would provide suggestions that
would attempt to make the child’s solution process clearer. The following excerpt demonstrates
this idea.
If he’s showing the shaded part is what is missing, then he also should have showed [sic]
the shaded part, what’s missing in the second whole. He shouldn’t just have this random
piece over here. Even though we know it’s one-fourth, if the shaded part is what’s gone,
then that’s also what he should have done with the second whole. [TCC7]
The italicized portion represents a description of the child’s solution process. The analysis also
indicated three segments where the participants interpreted the child’s understandings or lack of
understanding. These segments pertained to whether the child understood that one-half and twofourths were the same.
MKT framework. The analysis uncovered 10 segments coded as SCK and five segments
coded as CCK. The following segments were coded as CCK.
Like when we’ve done stuff, I’ve always been like, well, I guess I’ll shade three-fourths,
but really, this was like this is one-fourth to me. [TCC5]
But like when you combine them together, those three-fourths are still gone. I know it’s
one fourth because of the way it’s pictured. [TCC7]
Artifact five. A detailed description of artifact five can be found in Chapter 3. This
description includes a detailed account of each child’s (Jorge and Jessica) solution process and
the mathematical understandings or lack of understanding for each child. Images of the artifact
can be found in Figures 7 and 8.
Reflection questions. All of the participants were able to accurately describe both
students’ solution processes with detail. The participant claimed that Jorge split his hexagon
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(whole) into three equal parts and then shaded one-half of one-third. Additionally, the
participants explained that Jessica split her hexagon (whole) into two equal parts, and then
shaded one-third of one-half. The following quote demonstrates TCC6’s description for both
children’s solution process.
Jorge divided the whole into thirds, [sic] then used the triangles to make up one of the
thirds. In the third, there are two triangles and half of that is one-half. So he colored one
of the triangles to show one-half of one-third. That triangle represents one-sixth of the
whole.
It looks like Jessica divided the whole in half and found one-third of the half. She still
gets one-sixth because the triangle represents one-sixth of the whole. [TCC6]
As for the children’s understandings or lack of understanding, TCC5 and TCC8 claimed that
both children understood that the number sentence equaled one-sixth; however, the participants
mentioned that Jessica did not model the action from the number sentence. Additionally, TCC6
and TCC7 stated that Jessica did not understand the order in which to model the problem. TCC7
was the only participant who mentioned that both children understood parts of a whole.
Artifact discussion. The analysis revealed that the participants in Group 8 did not mention
confusion when explaining Jorge’s and Jessica’s solution processes similar to artifact four. All
participants claimed that Jorge modeled the problem correctly and that Jessica worked the
problem backwards. The participants used the key word “of” when they explained the
differences in the two students’ solution processes. Additionally, the participants attempted to
connect this problem to whole number multiplication that involved groups. Lastly, the
participants provided critiques for both students’ models to be able to see that the triangle
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represented one-sixth of the hexagon. Similar to the first four artifacts, TCC7 provided the most
segments with 13. In contrast, TCC5, TCC6, and TCC8 supplied six, 10, and seven, respectively.
Professional noticing framework. The analysis indicated seven segments in which
participants accurately described the children’s solution processes. The following quotes
represent these descriptions.
I think she found a third of a half. [TCC6]
She didn’t have a third first. She had a half first. She did not start with a third. [TCC7]
The analysis also indicated four segments where TCC5 and TCC7 accurately interpreted the
children’s understandings or lack of understanding. Lastly, the analysis uncovered three
segments in which participants discussed instruction-related topics, one of which was accurate.
These instruction-related topics pertained to using the key word “of” to signify multiplication.
However, key words do not imply a certain operation. The accurate instruction-related topic
related this multiplication to the “groups of” interpretation of whole number multiplication.
MKT framework. The analysis revealed 13 segments coded as SCK, three segments
coded as CCK, and three segments coded as KCT. The KCT segments pertained to the type of
multiplication used for this problem. The CCK segments related to general descriptions of
solution process with no connection to Jorge or Jessica. The following quotes represent SCK
segments.
Her number sentence would have needed to be the other way around. One-third times
one-half equals one-sixth. [TCC6]
She found a third of a half. [TCC7]
Artifact six. A detailed description of artifact six can be found in Chapter 3. This
description includes a detailed account of Maria’s solution process and the mathematical
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understandings or lack of understanding for this child. An image of Maria’s work can be found
in Figure 9.
Reflection questions. TCC5 and TCC6 provided accurate detailed descriptions of Maria’s
solution process. TCC7 supplied an accurate explanation of her solution process, but failed to
mention how Maria modeled the two and a half cups. TCC8 provided a general description of
Maria’s process that lacked details. The first quote represents one of the detailed descriptions.
The second quote demonstrates TCC8’s vague description.
Maria knows 3 rhombi = 1 whole. So each rhombus is worth one-third. She makes two
wholes out of the rhombi to show two whole cups. She then need [sic] to make one-half.
So, she need [sic] to use another third and one triangle to make one-half of the hexagon
or the whole because one-half of the one-third is the triangle or one-sixth. [TCC6]
The child has worked the problem using pattern blocks showing the conversion of cups
(hexagons) to scoops (rhombi). [TCC8]
As for Maria’s understandings, all of the participants claimed that she modeled the problem
correctly and used the pattern block pieces appropriately. In regards to Maria’s
misunderstanding, all of the participants stated that she mixed her wholes when recording the
value of the remaining triangle. The following quote represents a detailed interpretation of
Maria’s misunderstanding.
She does not understand that it should be seven and one-half scoops of the one-third
scoop. NOT seven and one-sixth scoops. The one-sixth is out of one whole. It does take
one-sixth of a cup, but not one-sixth of a scoop. It should be seven and one-half of the
scoops, since one-sixth is a half of one-third. He’s [Chef Fredrick] asking how many
scoops is used, not how many cups are used. [TCC7]
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Artifact discussion. The analysis revealed that TCC6, TCC7, and TCC8 stated that Maria
confused her wholes when interpreting her remaining triangle. During the discussion, TCC5
corrected her own interpretation of the triangle. The participants claimed that Maria’s only
misunderstanding pertained to the remaining piece. Additionally, the participants mentioned that
Maria understood division and the value of her pattern block pieces. Lastly, the participants
provided comments that included Maria’s details within her number sentence and model. TCC5
and TCC7 provided roughly the same amount of segments with five and six, respectively.
However, TCC7’s segments were much longer. In contrast, TCC6 and TCC8 supplied two and
three segments, respectively.
Professional noticing framework. The analysis indicated four segments in which
participants described Maria’s solution process. The analysis also indicated four segments where
TCC7 interpreted Maria’s understandings or misunderstandings. The first quote represents a
description of Maria’s solution process. The second quote represents an interpretation of Maria’s
understandings.
She labeled what the cup was and what the scoop was. [TCC7]
She understands how to split two and a half cups into thirds, and then the sixth left over.
[TCC7]
MKT framework. The analysis uncovered six segments coded as SCK and seven
segments coded as CCK. The segments coded as CCK pertained to how the participants solved
this problem. The following quotes demonstrate the participants’ solution processes, which were
similar to that of Maria.
I put seven and a half scoops. You’re not taking a sixth of the scoop, because the scoop is
a third. You’re taking a half of the scoop. So you need seven and a half scoops, even
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though they’re broken down into thirds and sixths. Because the sixth is a sixths of a cup,
not a sixth of a scoop. [TCC7]
The reason why I got that is because there are seven one-thirds, and then there’s a onesixth. So that’s why I put that there. But now I see that the one-half is of scoops. [TCC5]
Group 8 Summary. In reference to the reflection handouts, the participants were able to
provide accurate detailed interpretations on three of the artifacts, despite the fact that the
participants felt there was not enough information. The participants lacked precision within their
explanations and descriptions pertaining to terminology and percent symbols. The only
inaccuracy occurred on artifact one with student three’s solution process. The participants had a
part-whole understanding of fractions. This understanding prevented them from determining that
the ratio understanding of fractions was appropriate.
With regards to the artifact discussions, when the participants were unclear on the
children’s solution process, then their discussions focused primarily on the students’ solution
processes. When the participants understood the children’s solution process, the discussions
focused primarily on understandings or misunderstandings. However, the participants explained
both the solution process and the understandings or misunderstandings even though they felt
there was not enough information within the student work. The discussions lacked precision and
oftentimes, the participants provided suggestions about the student work that would promote an
easier determination for future students.
After analyzing all six artifacts, I have provided the number of times each code appeared
for each artifact discussion, which can be found in Table 16. The participants only discussed
instruction-related topics on artifact five. The participants did not provide detailed inaccurate
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descriptions or interpretations. Lastly, the participants provided general descriptions or supplied
their own solution processes for all six artifacts.
The analysis indicated 98 segments coded with the professional noticing framework. For
Group 8, the participants provided 82 accurate segments, which was equivalent to 83.67%. The
participants supplied five detailed accurate segments, which was equivalent to 6.10% of the total
segments.
The analysis revealed 100 segments coded with the MKT framework. The participants
supplied 78 segments coded as SCK, which was of particular interest for this study. All of the
segments coded as MKT referred to accurate statements made pertaining to a specific domain,
not necessarily belonging to that domain.
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Table 16
Amount of Codes per Artifact for Group 8
Artifacts
Codes
100
101
110
111

1
1
-10
--

2
--2
1

3
9
-7
--

4
--6
--

5
--7
--

6
--4
--

Total
10
0
36
1

200
201
210
211

4
-9
1

--15
3

--5
--

--3
--

--4
--

--4
--

4
0
40
4

300
301
310
311

-----

-----

-----

-----

2
-1
--

-----

2
0
1
0

CCK
SCK
HCK
KCS
KCT

1
16
----

2
20
----

1
12
-1
--

5
10
----

3
12
--3

7
6
----

19
78
0
1
3

Note: All number codes pertained to the professional noticing framework; All letter codes related
to the MKT framework; The dashes represent places that data were not present.
Section C Analysis
All participants within both groups were able to discuss student solution processes and
accurately interpret understandings and misunderstandings within these solution processes to a
degree. The explanations that were provided by the participants on the reflection handouts
oftentimes did not include details. The details that were often missing, however, could be found
within their interpretations. Most of the participants stated that they did not have enough time to
complete the reflection handouts, which could explain why the responses to these questions
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lacked detail or were missing. Even though most of the reflection handouts were not detailed, the
participants in Group 5C provided segments during the artifact discussion coded at a level one in
terms of robustness, which means that these statements were detailed. Group 5C provided
14.41% of their total segments coded at a level one with regards to robustness. In contrast, Group
8 supplied 5.10% of their total segments coded at a level one in terms of robustness. In the
following paragraphs, I will discuss uncertainty, knowledge, and unexpected student solution
processes as it pertained to participants for all six artifacts.
Uncertainty. In terms of the missing explanations, both groups recognized that more
details within the work or having the explanations would have been beneficial in completely
understanding the solution process and interpreting the students’ understandings and
misunderstandings. Nevertheless, when detailed work was provided the participants had no such
concern. When a student’s solution process was unclear, the participants often focused their
discussion on the solution process. When a student’s solution process was clear, the participants
focused their discussion on the student’s understandings and misunderstandings. Artifact two
was the exception to this. For artifact two, both groups felt that there was no work provided in
addition to no explanation. However, both groups provided more accurate interpretations of the
student’s understandings or misunderstandings on this artifact than on any of the other artifacts.
Knowledge. For both groups within Section C, one participant consistently provided the
group with detailed explanations of the students’ solution processes. Oftentimes these
explanations corrected the inaccuracies found on the reflection handouts. Additionally, within
both groups, the participants did not attend to precision in regards to terminology and symbols.
When their discussions involved percent values, these participants did not consistently use
percent symbols. For Group 5C, the participants possessed a conceptual misunderstanding for
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artifact five, which pertained to the number sentence. This misunderstanding prevented this
group from accurately discussing the children’s understandings and misunderstandings for the
same topic.
As for the professional noticing framework, the participants within Group 5C provided
70.27% of their total segments coded at a level one with regards to accuracy. In contrast, Group
8, the group that did not possess the conceptual misunderstanding, supplied 83.62% of their total
segments coded at a level one with respect to accuracy. As can be seen in these percentages,
Group 8 participants were able to provide more segments coded at a level one. In reference to the
MKT framework, Group 8 provided considerably more CCK statements than Group 5C with 19
to four. Both groups supplied a considerable amount of SCK segments; however, Group 8
provided more segments than Group 5C with 78 to 58.
Unexpected solution processes. Student three on artifact one and the child on artifact
four used unfamiliar or unexpected ways to solve these problems. Both groups recognized that
student three’s method was a unique way of modeling fractions; however, these two groups were
not able to determine that this unique way of modeling fractions was appropriate. In contrast,
both groups recognized that the child in artifact five shaded her fractions by shading in the
remaining parts; however, both groups believed this method to be appropriate.
These same ideas can be seen within the coding for the professional noticing framework
since both groups provided inaccurate segments that pertained to student three’s solution process
and misunderstandings. For artifact one, Group 8 supplied four inaccurate segments with regards
to student three’s misunderstandings and one inaccurate segment that pertained to student three’s
solution process. Additionally, Group 5C provided five inaccurate segments in regards to student
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three’s solution process and five inaccurate segments with respect to student three’s
misunderstandings.
Cross Case Analysis
All participants regardless of the section were able to discuss solution processes and
interpret student understandings and misunderstandings. How the participants talked about these
topics, however, was different. With respect to the professional noticing framework, I compared
the amount of segments within both groups of a section across the three sections that pertained to
a level one accuracy code. In total, section A participants provided 83.41% of their total
segments coded as a level one for accuracy. As for section B, participants from both groups
supplied a combined total of 80.86% of their total segments coded as a level one for accuracy.
Lastly, section C participants provided 76.55% of their total combined segments coded as a level
one for accuracy. Participants from both sections that were given artifacts with missing parts
provided fewer segments on average than section A with regards to accuracy. In the following
paragraphs, I will discuss uncertainty, knowledge, and unexpected student solution processes as
it pertained to participants for all six artifacts across all three sections.
Uncertainty. The participants in all three sections recognized the difficulty in describing
and interpreting when parts of the artifact were missing. When the work was missing, the
participants recreated the pictures, often in expected ways. Whereas when explanations were
missing from the artifacts, the participants often felt that the work was not detailed enough to
accurately determine understandings or misunderstandings. When these instances occurred in
section A, the participants would consult the explanations to make a determination. However,
section C did not have the ability to do so. Section C claimed that there was not sufficient time to
complete all questions on the reflection handouts.
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With respect to the professional noticing framework, I compared the amount of segments
within both groups of a section across the three sections that pertained to a level one robustness
code. On average, section A participants provided 17.03% of their total segments coded as a
level one for robustness. As for section B, participants from both groups supplied on average
19.14% of their total segments coded as a level one for robustness. Lastly, section C participants
provided 10.05% of their total combined segments on average coded as a level one for
robustness. Therefore, section B provided more detail on average than the other two sections.
Knowledge. Participants in all three sections lacked precision when providing
explanations or interpretations. These details in precision included recording expressions in the
reverse order, not using percent symbols when appropriate, and using inaccurate terminology
(e.g., triangle instead of sector, rows instead of columns, etc.). However, sections B and C
supplied more terminology than section A that was appropriate. As for conceptual
misunderstandings, when these occurred, participants were not able to accurately describe or
interpret understandings and misunderstandings for the children.
In reference to the MKT framework, I was not able to see any trends with the amount of
times each code was counted. For sections A and B, the group that possessed the conceptual
misunderstandings tended to provide more CCK segments than the groups that did not possess
this misunderstanding. However, in section C, the participants who did not possess the
misunderstanding provided more CCK coded segments than the group that possessed the
conceptual misunderstanding. All groups provided a vast amount of segments that were coded as
SCK and Group 5C (the group that possessed the misunderstanding) provided the fewest number
of segments coded as SCK. However, Group 8 from section C provided the most along with
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Group 1 from section A among all of the other groups. Additionally, no such comparison could
be made in regards to KCS or KCT.
Unexpected solution processes. Artifacts one and four contained student solution
processes that were different and unexpected. Oftentimes the solution processes were different
from the ways that these participants would normally work problems. In all of the sections, some
of the participants believed that student three’s solution process was inappropriate. All of the
participants recognized that this method was different and not consistent with their understanding
of fractions, which was part-whole. For at least one group in every section, this inaccuracy was
not corrected. As for artifact four, this child shaded fractions by shading the missing parts.
Sections A and C recognized that this method was different from their own; however, section B
had no such conversations. This section only received the explanation for this artifact, which did
not contain this information. When participants in Section B recreated their work, the
participants modeled the fractions by shading the values of the fractions, which was expected for
these participants.
Conclusion
In this chapter, I have described the quantitative and qualitative data gathered from the
participants. The quantitative analysis helped to answer research questions one and two. After
completing the analysis for research question one, I determined that there was no need to
continue with the quantitative analysis since there was no significant difference in mean postassessment MKT score by type of classroom artifact when controlling for mean pre-assessment
MKT score. As for the qualitative analysis, I have summarized all reflection questions and
artifact discussions for all three sections. A within case and cross case analysis was provided to
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answer research question three. In the next chapter, I will discuss the implications for these
results and findings and what these implications mean for future research.
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CHAPTER V: DISCUSSION
Introduction
Similar to teachers, teacher candidates will need to have the necessary skills to describe
children’s mathematical thinking as it pertains to solution processes and understandings or lack
of understanding (Ball et al., 2008; Jacobs et al., 2010; Philipp, 2008). In order to facilitate these
discussions, mathematics teacher educators use classroom artifacts to focus on specific
mathematical topics. For this study, I provided participants with artifacts of practice to examine
in order to discuss children’s mathematical thinking. Depending on the section, participants
received one type of artifact. Section A received both student work and explanations. Section B
received only explanations. Section C received only student work. Lastly, section D did not
receive any type of classroom artifact.
For all sections, participants completed a pre- and post-assessment in order to measure
content knowledge specifically attributed to MKT. For each artifact, participants were asked to
work the same problem found in the artifact and post their solutions online in a discussion board
before presentation of the artifact in class. During class time, participants individually examined
the artifact and answered reflection questions addressing understandings and misunderstandings
of the child or children in the artifact. Groups within the sections were given time to discuss
responses recorded on the reflection handouts, and a class discussion immediately followed
summarizing the ideas presented in the group discussions. In the following paragraphs, I will
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discuss the implications of the results and findings from Chapter 4 and describe the potential
future research from this study.
Quantitative Results
The following quantitative research questions were posed for this study.
1. Does variation in type of classroom artifact produce a change in post-assessment MKT
score when controlling for pre-assessment MKT score?
2. Does the use of classroom artifacts predict performance on MKT measures?
Researchers for the LMT project created the assessment used for this study. This assessment was
created for measuring MKT with in-service teachers (Hill, Shilling, & Ball, 2004). These
researchers claimed that an average practicing teacher would accurately answer approximately
50 percent of these items. It would stand to reason that participants in this study would have an
IRT scale score that was less than an average practicing teacher. The mean IRT scale score for
each section can be found in Table 7. Based on the ANCOVA results, the mean post-assessment
MKT scores did not differ significantly when compared among the four sections. All four
sections, however, had means in the negative IRT scale score range. With these results, these
participants have less MKT knowledge than an average practicing teaching. This result was
expected since the participants had not taught in a classroom with students in order to gain as
much knowledge as an average practicing teacher.
In regards to these two questions, the ANCOVA results indicated that the examination of
classroom artifacts was not a predictor of performance on the MKT measures and, therefore,
would not produce a change in post-assessment MKT score when controlling for pre-assessment
MKT score. Since there was not a significant difference in whether participants examined
artifacts or not for their MKT knowledge, how did examining these artifacts impact the way
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these participants used their knowledge? In the following paragraphs, I will provide the
implications for the qualitative findings, which includes the implications of how the participants
discussed the classroom artifacts.
Qualitative Findings
Data gathered from the reflection handouts and the artifact discussions helped to answer
the following qualitative research question: How does the use of different types of classroom
artifacts influence the discussions had by teacher candidates during an elementary mathematics
content course? In the following paragraphs, I will address topics related to the findings
presented in Chapter 4.
Knowing versus Understanding
When examining classroom artifacts, participants were asked to identify the children’s
mathematical understandings and misunderstandings that were present in the artifacts. In most
instances, the participants were successful in determining all understandings and
misunderstandings for each child. Participants in all treatment sections used the terms
“understand” and “know” interchangeably when describing the children’s understandings or lack
of understanding. These terms, however, are not to be used as such. Knowing a particular topic
or fact does not necessarily equate that a person understands that topic or fact. Understanding to
a mathematics educator means that a person holds a conceptual understanding for a particular
topic (National Research Council, 2001).
Participants made statements that referenced students knowing particular facts such as
two-fourths being equivalent to one-half and knowing how to use manipulatives to model
problems. Oftentimes, these same participants would make additional statements that the
students understood these same concepts. In some instances, when one participant would use one
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term, know or understand, another participant would follow these statements with the other term.
For example, one participant stated that a student knew how to model fractions, whereas another
participant stated that the same student understood how to model fractions. Based on the
analysis, it was difficult to determine if these participants understood the difference between
these two terms. If participants understood the difference in these two terms, the discussions
surrounding the children’s understandings or lack of understanding could have been more
focused on conceptual understandings or misunderstandings rather than facts. Therefore,
participants need to be aware of the difference in these terms before examining classroom
artifacts.
Attending to Precision
Based on the analysis for the qualitative data, participants in all sections lacked precision
when describing solution processes and interpreting understandings and misunderstandings for
the children. These participants often left off percent symbols in their explanations (e.g., stating
100 instead of 100 percent), used inappropriate terminology (e.g., using the term triangle when
referring to sector of a circle), and recorded mathematical statements in the reverse order (e.g.,
recording 2.5% x 6 instead of 6 x 2.5%).
With the adoption of the CCSSM, one of the Standards for Mathematical Practice is
attending to precision. Based on this document, students are expected to engage in this practice
by consistently using symbols when appropriate, stating clear definitions in explanations, and
specifying units in relation to quantities (CCSSI, 2010). Therefore, if students are expected to
attend to precision, then so should teachers. If teachers do not attend to precision within their
classrooms, it is likely that their students will not attend to precision.
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At some point in their preparation program, teacher candidates should recognize that this
precision is important. Based on the analysis, some participants did not recognize the importance
of precision. For example, one participant attempted to explain how to find the percentage of a
square within the 4 x 10 rectangle. In her explanation, she stated both the correct and incorrect
expression that would produce the percentage for each square. At the end of these two
expressions, she made the following statement, “or whatever,” in reference to one of the two
expressions providing the correct percentage. In her group, one of the participants restated the
correct expression, but did not discuss why the order of the numbers mattered.
It was difficult to determine whether this lack of precision was carelessness on the part of
the participant or a lack of content knowledge. If this lack of precision was attributed to lack of
content knowledge, then these participants need to advance their own understanding of the
mathematical concepts through exploration and discussion of the featured mathematics before
discussing children’s thinking related to the same topics. These discussions should address
precision therefore enabling the teacher candidates to understand the importance of precision.
Unexpected Student Responses
When the children’s solution processes were similar to the participants’ solution
processes for the same problem, then the participants had no difficulty discussing or explaining
the child’s method. When the participants were introduced to unexpected solution processes,
however, the participants had difficulty in understanding the processes and oftentimes thought
that the processes were inappropriate (e.g. shading what was missing when modeling fractions or
ratio understanding of fractions). Therefore, discussing solution processes that are inaccurate or
unexpected may lead to more robust discussions than when solution processes are the same as
those of the participants.
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When participants recognized that a solution process was similar to their own, these
participants provided similar statements and would briefly describe the solution process,
especially if the solution process was consistent for all of the participants within the group. On
the two artifacts that contained unexpected student solution processes, the discussion focused
primarily on the unexpected aspects of the work. For example, on artifact one, discussions
surrounded the appropriateness of student three’s solution process. For artifact four, participants
had similar discussions when the work was present.
If teacher candidates were exposed to new ways of solving problems, then this
exploration could deepen their understanding of concepts, and potentially how concepts are
related, which has an impact on how these concepts are taught. This was made evident in artifact
one. When participants discussed the ratio model of fractions, they compared it to the part-whole
model of fractions. These participants recognized that it was different from the part-whole
model, but had issues with validating this particular method. Based on the CCSSM, the partwhole model of fractions is introduced in grade three, whereas the ratio model of fractions is
introduced in grade six. If teacher candidates can determine that both models are appropriate,
then the ways that they discuss these models with students will be greatly affected. This impact
could potentially help students understand the ratio model of fractions in a better way.
Conceptual Understanding
When discussing artifacts five and six, some participants revealed a conceptual
misunderstanding in terms of the recorded action of the problems. Most of the participants,
including some with this misconception, were able to describe the children’s solution processes
because these processes were similar to their own processes for solving the problems. When the
participants interpreted the children’s understandings and misunderstandings, however, the
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participants’ conceptual misunderstandings prevented them from doing so accurately. I
discovered the participants’ misunderstandings when examining their online posts. Therefore, if
teacher candidates have conceptual misunderstandings about a topic, then they may not be
prepared to discuss children’s mathematical thinking in relation to that same topic.
How can these misconceptions be addressed in order for teacher candidates to
successfully be prepared to interpret understandings and misunderstandings for children?
Researchers have claimed that teachers or teacher candidates should be immersed in the learning
of a topic of interest before examining artifacts for that particular topic (Goldsmith & Seago,
2011; Loucks-Horsley, Stiles, Mundry, Love, & Hewson, 2010; Philipp, 2008). Therefore, any
misconceptions that arise can be discussed within the learning of that topic.
For this study, the participants’ discussions of their solution processes took place online
in hopes that any misunderstandings would be addressed and class times could be maintained. In
some instances, participant feedback on these discussions helped to address certain
misconceptions. However, once a participant made a response, then that participant may or may
not have seen the feedback to an inaccurate response. If an entire group had a misconception in
the discussion board, then the misconception could be strengthened which would not aid in
discussing artifacts related to the same topic. Sometimes, instructors would briefly address
misconceptions before artifact discussions; however, these brief discussions were not enough to
overcome misconceptions for artifacts five and six. Additionally, the online group discussions
were not sufficient in this same regard. If these discussions had occurred in the classroom similar
to the control group, the teacher candidates may have had the requisite knowledge to be able to
effectively interpret children’s understandings or lack of understanding.
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Role of the Facilitator
Typically, a facilitator guides discussions in order to develop knowledge, or in this case,
address issues in content knowledge. The facilitator can achieve this goal by asking questions
and focusing on key aspects that the teacher candidates bring up during the discussions.
Unfortunately, due to time constraints the discussions that took place online among the teacher
candidates did not include such a facilitator and were not enough to correct their misconceptions.
Therefore, these discussions should have taken place in the classroom before receiving the
classroom artifacts. In this classroom setting, if a facilitator noticed teacher candidates using
terms interchangeably, then the facilitator could ask if these two terms meant the same. Similar
statements could be made in terms of attending to precision, comparing unexpected solution
processes to teacher candidates’ solution processes, and addressing conceptual
misunderstandings. In this regard, the facilitator plays a vital role in developing knowledge
within teacher candidates.
Mathematics Teacher Educators
Mathematics teacher educators are facilitators within content and methods courses.
Traditionally, teacher candidates who enter these courses may not have experienced a standardsbased classroom. In this type of classroom, teacher candidates will work collaboratively to be
able to develop written and verbal explanations of solution processes. In this classroom, teacher
candidates will critique the reasoning of others, which is another Standard for Mathematical
Practice found in the CCSSM. Mathematics teacher educators are responsible for developing this
skill in teacher candidates. This development can occur in a variety of ways, two of which in
particular are using open-ended questions and redirecting questions back to teacher candidates.
Mathematics teacher educators within a standards-based classroom will lead discussions so that
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teacher candidates understand what expectations are present in critiquing the reasoning of others.
Once teacher candidates are able to successfully critique the reasoning of their peers, then these
teacher candidates may have the necessary skills to analyze children’s mathematical thinking.
Prior to receiving classroom artifacts, teacher candidates must be immersed in the same
problem that they will see when examining the artifacts. Instead of solving these problems on
their own outside of class, teacher candidates should work collaboratively to determine the
appropriate way to solve the problem. During this time, mathematics teacher educators can
address any concerns that arise. Some concerns may not be brought up, so it is the responsibility
of the mathematics teacher educator to walk around the classroom to figure out what topics need
to be discussed. During this walk through, the mathematics teacher educator can stop and ask
questions to groups that are having issues.
Based on the findings for this study, participants did not have robust discussions when
provided with the entire artifact or when provided with only work; however, participants did
have more robust discussions and were able to recreate the children’s missing work when only
provided with explanations. Additionally, participants focused discussions on unanticipated
student solution processes when these were present. Therefore, a mathematics teacher educator
should provide a variety of both of these types of artifacts for teacher candidates to have
meaningful discussions about children’s mathematical thinking. If these discussions happen in a
content course, then mathematics teacher educators may not progress the discussion towards
instruction-related topics as opposed to a methods course. Instruction-related topics did occur
during artifact discussion in all sections. Therefore, it will be the responsibility of the
mathematics teacher educator to determine whether these topics consisting of student work and
student explanations will be addressed.
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Future Research
In this study, I was not able to obtain interview data from all participants. However, the
interview data that I did receive included responses that were very limited. Future research
should include pre- and post-interviews with the participants. Pre-interviews should include
questions regarding the teacher candidates’ expected student responses. Post-interviews should
follow with questions regarding whether or not the teacher candidates’ expectations were met
along with their justifications.
With regards to this study, the suggested sample size was 278 teacher candidates with the
same effect size of 0.3 (as the LMT project), alpha of 0.05, and power of 0.8. The total number
of potential participants was approximately 35.3% of the suggested sample size. Future studies
are needed that include more participants in order to meet this suggested sample size. How
would this larger sample size impact, if at all, the differences in post-assessment MKT score
between the four sections? Similarly, would having this larger sample size produce similar
findings within the qualitative analysis?
Based on the results from the quantitative analysis, there was no significant difference in
mean post-assessment MKT score by type of classroom artifact. Was this lack of a significant
difference attributed to the assessment, different instructors, the number of artifacts discussed, or
the lack of in-class discussions surrounding the participants’ solution processes? Future research
should examine the impact of each of these factors on the resulting MKT scores for teacher
candidates.
Lastly, if the study were to be replicated, then all of the discussion points from above
would need to be addressed. In this future study, researchers should make sure that all teacher
candidates have the ability to critique each other’s work. This may mean that teacher candidates
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may not be ready to analyze children’s mathematical thinking until further into the course,
potentially the third unit or the second part of a two-course sequence. Additionally, teacher
candidates should be immersed in the learning of the same topics found in the artifacts. These
discussions should take place in the class directly before administration of the artifacts. During
these discussions, mathematics teacher educators should address precision, conceptual
misunderstandings, and other topic-specific concerns. Prior to the administration of the first
artifact, teacher candidates should be engaged in a discussion of the difference in knowing and
understandings as well as what is expected when responding to the reflection questions and
artifact discussions. Future research should investigate whether the differences are there if these
conditions are met.
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The Big Inch (60 mins) [adapted from Magnified Inch from Family Math (Stenmark,
Thompson, & Cossey, 1986)]
Materials
Adding machine tape (1 strip per person of
varying lengths)
Colored Pencils (1 pack per group)

Handouts

In the staging area, teacher candidates will find strips of adding machine tape and colored
pencils. The strips of adding machine tape will be considered as 1 unit of measure, more
specifically 1 unit to measure length. If this unit of measure is used to measure length, teacher
candidates must identify the beginning and end of the unit. Have teacher candidates fold the ends
of their adding machine tape to create straight edges. On the left end of the unit, teacher
candidates will place a tick mark and write zero and on the right end of the unit, teacher
candidates will place a tick mark and write one. Make sure that you demonstrate at the Elmo on a
strip of adding machine tape what the teacher candidates are expected to do. The space between
the two tick marks represents the length of one unit.
Have teacher candidates measure the longest length of their table with their unit. Make sure
every teacher candidate does so. Randomly call on teacher candidates to give their
measurements. Make sure the other two columns are covered up when recording these
measurements on the Elmo sheet.
Questions to consider:
 Why do we have different measurements?
 Can I take my unit and another teacher candidates unit and place them end to end to
measure the table? Why or why not?
 How could the measurements be made more accurate?
Teacher candidates will indicate that folding the unit to find the half mark would be helpful.
Have teacher candidates fold their unit in half making sure that their 0 tick mark and 1 tick mark
line up. Some teacher candidates may not have placed these tick marks the same distance from
the end. By lining up the tick marks rather than the ends of their unit will ensure that the two
parts that are created will be the same length.
Questions to consider:
 How many parts do we have?
 What would we label this new fold?
 What would we label the end of the unit in terms of the two parts?
1
1
is
or is indicative of one part of the
2
2
1
2
two parts, not just the tick mark. The same would also be true between
and 1 or . Folding
2
2

Make sure to emphasize that the length between 0 and
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1
but not all teacher candidates
2
have measurements close to this length. Ask teacher candidates what we should do? Teacher
candidates may suggest folding another time. Have teacher candidates fold their unit in half
making sure that their 0 tick mark and 1 tick mark line up. Teacher candidates will fold again
1
making sure that their tick mark and 0/1 tick marks line up.
2

will help the teacher candidates with measurements close to

Questions to consider:
 How many parts do we have?
 What would we label the new folds?
1
 What would we label the tick mark and the end of the unit in terms of the four parts?
2
1
1
is
or is indicative of one part of the
4
4
two parts, not just the tick mark. The same would also be true for each successive part. Now that
teacher candidates have labeled both the half and fourth places on their unit, have teacher
candidates measure their table again. Make sure every teacher candidate does so. Make sure that
the teacher candidates that had measurements that ended on the unit tick mark are helping other
teacher candidates to measure rather than just sitting at their table.

Make sure to emphasize that the length between 0 and

Were teacher candidates able to make their measurement more accurate? Randomly call on
teacher candidates to give their measurements. Make sure the last column is covered up when
recording these measurements on the Elmo sheet. There will be some teacher candidates that
now have measurements that ended on a half or fourth tick mark, but not every teacher
candidate. How can we make it so that these teacher candidates can have a more accurate
measurement? Teacher candidates will indicate to fold the unit in half again.
Have teacher candidates fold their unit in half making sure that their 0 tick mark and 1 tick mark
line up. Teacher candidates will fold again making sure that their half tick mark and 0/1 tick
marks line up. Teacher candidates will fold a third time making sure that the end lines up with
1
the 0/1/ tick marks.
2
Questions to consider:
 Before teacher candidates open their unit, how many parts do we have?
 What would we label the new folds?
1 3
1
 What would we label the , , , and tick marks and the end of the unit in terms of the
4 4
2
eight parts?
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Have teacher candidates predict how many parts there will be on the third fold before they open
back up. Some teacher candidates may say 6 parts because they are following the pattern, 2, 4, 6.
Other teacher candidates will say 8 parts because it is a doubling pattern. Have teacher
candidates open their unit and confirm that there are indeed 8 parts and have them also label
every tick mark in terms of the eight parts.
These extra tick marks will help some teacher candidates but not all, so have teacher candidates
fold their unit a fourth and final time. Teacher candidates should realize that the doubling pattern
will continue giving them 16 parts. Have teacher candidates label all tick marks in terms of the
16 parts.
Teacher candidates will measure there table a third and final time. For the teacher candidates that
had measurements that ended exactly on the half, fourth, or whole units, help the other teacher
candidates.
Randomly call on teacher candidates for their measurements. If a teacher candidate has a
11
3
measurement that lands halfway between
and , what would their measurement be? Teacher
16
4
23
candidates should say
.
32
What does this measuring tool remind us of? Teacher candidates should note that it looks like a
ruler, more specifically, the first inch on a ruler. This will be a new manipulative that will be call
“The Big Inch”. Teacher candidates will use this manipulative in the next unit or to model
fraction length in this unit.
Equivalent Fractions
Have teacher candidates examine the fractions located at the “half” fold. Fractions include
1 2 4 8
, , , . Tell teacher candidates to work as a group to write down as many
2 4 8 16
observations/patterns that they notice about the fractions located at this fold. Give teacher
candidates two minutes to complete. Randomly call on teacher candidates to share their
observations.
What are these fractions called? Equivalent fractions are fractions that are equivalent to the same
value. Have teacher candidates create a definition for equivalent fractions. How do you create an
6
equivalent fraction? Give teacher candidates the fraction,
, to create equivalent fractions for.
10
Teacher candidates should recognize that they can either multiply or divide to find an equivalent
fraction and that they must multiply/divide the numerator and the denominator by the same
number.
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Teacher candidates will use the term “reduced” to refer to simplifying a fraction. Ask teacher
candidates if you reduce a recipe, what have you done to that recipe? Teacher candidates should
recognize that the recipe has gotten smaller. If you “reduce” a fraction, has the value of the
fraction gotten smaller? The answer to this question is NO!. The value of that fraction has not
changed. The teacher candidates can talk about how the numerator and denominator have
reduced in value, but the value of the fraction has not reduced, it has stayed the same. Tell
teacher candidates to be careful when using vocabulary in their classrooms.
Explain that with a Think Pair Share, teacher candidates will think to themselves first before
sharing with their group. Ask teacher candidates to think about the following question: Can you
1
2
think of a time when
would not be equal to ? Give teacher candidates two minutes to write
2
4
down a response. Now have teacher candidates share their ideas with their group members.
Allow teacher candidates time to discuss.
Randomly call on teacher candidates to share responses to the TPS. Teacher candidates should
realize that the size of the wholes must be different for this to occur. If teacher candidates are
having trouble seeing this, have them compare their Big Inches at their table.
1
2
to be equivalent to
? The wholes MUST
2
4
be the same size. Therefore, equivalent fractions will occur, if you are comparing fractions from
the same size whole.

What must be true about the size of the wholes for
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Pre-assessment

Post-assessment

1. SCK

1. SCK

2. CCK/SCK

2. SCK

3. SCK

3. SCK

4. CCK/SCK

4. CCK

5. CCK

5. SCK

6. SCK

6. SCK

7. SCK

7. SCK

8. SCK

8. SCK

9. SCK

9. CCK/SCK

10. CCK/SCK

10. SCK

11. SCK

11. SCK

12. SCK

12. CCK/SCK

13. SCK

13. SCK

14. SCK

14. SCK

15. SCK

15. CCK

16. SCK

16. SCK

17. SCK
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[CK item] Mrs. Johnson thinks it is important to vary the whole when she teaches fractions. For
example, she might use five dollars to be the whole, or ten students, or a single rectangle. On
one particular day, she uses as the whole a picture of two pizzas. What fraction of the two pizzas
is she illustrating below? (Mark ONE answer.)
a) 5/4
b) 5/3
c) 5/8
d) 1/4

[CK item] Which of the following story problems could be used to illustrate
1 divided by ? (Mark YES, NO, or I’M NOT SURE for each possibility.)

a) You want to split 1 pie evenly between two
families. How much should each family get?
b) You have $1.25 and may soon double your
money. How much money would you end up
with?
c) You are making some homemade taffy and
the recipe calls for 1 cups of butter. How
many sticks of butter (each stick = cup) will
you need?
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Yes

No

I’m not
sure

1

2

3

1

2

3

1

2

3
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Describe in your own words how the child solved the problem in the video (sample work,
transcript).

What does the child understand mathematically about the problem? Provide evidence from the
video (sample work, transcript) to support your claims.

What does the child not understand mathematically about the problem? Provide evidence from
the video (sample work, transcript) to support your claims.
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Interview Protocol
Date:

Time:

Interviewer:

Place:

Erica Paige Gillentine

Interviewee(s):
Standard Procedures:
The participant(s) will be interviewed for approximately thirty minutes at a mutually
agreed upon location. The participant(s) will be interviewed from the same groups as their online
discussion groups. The interviewer will give the participant(s) the informed consent form, which
will be read and signed before questions will be answered and the interview begins. Once the
form has been signed, the audio recorder will be turned on. The interviewer will establish
common terminology with participant(s). Once terms have been defined, the interviewer will ask
the following questions, but can choose to ask these questions in any order. There will also be
flexibility to allow the interviewer to ask additional questions that arise during the interview.
Once the interview has been concluded, the audio recorder will be turned off. A debrief with the
participant will occur and the participant will be thanked for their willingness to participate in the
study.
Terminology:
1. “Classroom Artifacts” refers to the videos or student work you examined in the
classroom.
2. “Mathematical Topic” refers to the topic of discussion; an example could be whole
number addition.
Interview Questions:
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1. What mathematical topic is being discussed in this artifact (e.g., place value)? Provide
evidence to support claims.
2. Present reflection questions to teacher candidates. After the class discussion, how do you feel
about your responses to these three questions?
3. What were your expectations, if any, for the student(s)?
4. What do you want to do next for the student(s)?
Thank-you statement:
Thank you for sharing your thoughts about the classroom artifacts. Is there anything that
you would like to add about your responses? What questions do you have for me?
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Information Form for Research Study
Title: Specialized Content Knowledge: Can Teacher Candidates Develop It?

Investigator
Erica Paige Gillentine
Department of Teacher Education
Jackson Avenue Center Suite G
The University of Mississippi
(662) 915-6621

Research Advisor
Dr. Joe Sumrall
Department of Teacher Education
320 Guyton Hall
The University of Mississippi
(662) 915-5310

Description
I want to know how discussions involving student work and watching videos of students discussing
solution methods impact development of teacher candidates’ understanding of mathematics. To find out, I
am asking you to participate by completing a test, answering questions related to class discussions, and
complete interviews. All group discussions involving video and student work and interviews will be audio
recorded to help us gather this data.
Risks and Benefits
There are no risks or benefits for participating in this study.
Cost and Payments
The tests will take about thirty minutes to finish each time. There are no other costs for helping us with
this study.
Confidentiality
The last four digits of your social security number will be used to match pre and post tests. I will not put
your name on any of your tests. From the transcripts of the class discussions, your name will be removed
and replaced with a pseudonym. Only the researcher will have access to these audio files.
Right to Withdraw
You do not have to take part in this study. If you start the study and decide that you do not want to finish,
all you have to do is to tell Ms. Gillentine in person, by letter, or by telephone at the Center for
Mathematics and Science Education, Jackson Avenue Center Suite G, The University of Mississippi,
University MS 38677, or 915-6621. Whether or not you choose to participate or to withdraw will not
affect your standing with the elementary education program, or with the University, and it will not cause
you to lose any benefits to which you are entitled.
IRB Approval
This study has been reviewed by The University of Mississippi’s Institutional Review Board (IRB). The
IRB has determined that this study fulfills the human research subject protections obligations required by
state and federal law and University policies. If you have any questions, concerns, or reports regarding
your rights as a participant of research, please contact the IRB at (662) 915-7482.
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Artifact 1 Protocol (Unit Fractions)
Materials
Color Pencils
Recorders
Binds

Handouts
Student work/explanation (Section 4)
Student explanation (Section 1)
Student work (Section 2)
Reflection Questions
Extra fraction strips

1 1 1
1
, , , and . Ask
2 3 4
6
teacher candidates if they have any questions about this task. After reviewing discussions on
Blackboard, address any misconceptions (Instructors will be informed about these upon the
review of the posted comments and discussions). If no misconceptions exist, present teacher
candidates with the definition of a unit.

Remind students of their online group discussion task where they shaded

Unit fractions are fractions where the numerator is 1 and the denominator is a positive integer.
The fractions that they shaded are all considered unit fractions. Tell teacher candidates to keep
this terminology in mind for the rest of the task.
Give teacher candidates the reflection questions. Explain to them that they will be receiving
student work and explanations (student explanations or student work [specific to section]). The
artifact that they will receive will contain student work and explanations (explanations or work
[specific to section]) from the same activity they completed on Blackboard. When teacher
candidates receive these materials, they are to answer the three reflections questions after
examining the handout. However, the teacher candidates may want to have these questions in
mind while examining the handout.
If teacher candidates need typing paper to write on or extra copies of the fraction strips, they can
find additional copies in the basket in the center of the table. Give teacher candidates 10-15
minutes to answer the reflection questions.
Reflection Questions:


Describe in your own words how the children shaded each fraction.



What do the children understand mathematically about the problem? Provide evidence
from the handout to support your claims.



What do the children not understand mathematically about the problem? Provide
evidence from the handout to support your claims.

Give teacher candidates time to discuss their responses in their groups. Ask teacher candidate not
to alter their original responses. If they wish to add additional information, there are colored
pencils provided in the basket for them to use to write on their questions.
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As part of the research study, the following discussions will be recorded. Have the teacher
candidates press the red record button before they start to discuss their responses to the
questions. There should be a red light that comes on when recording. Tell teacher candidates that
they are to leave on the recorders until instructed to turn off. Once they turn on the recorders, all
the teacher candidates will state their name then start discussing their responses. Give teacher
candidates 5-7 minutes to discuss the responses to each question.

Student 1

Both:
Understanding: Student understands that each part will be equal-sized. Student may or may not
know how to add and divide. Student can accurate shade fraction of a whole.
Misunderstanding: None. However, students may draw attention to the sections within the part as
a misunderstanding.
Explanations:
Teacher candidates should be able to recreate work from explanation.
Work:
Teacher candidates should be able to tell that the strips were folded from the work.
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Student 2

Both:
Understanding: Student knows what half of something is.
Misunderstanding: Student does not understand the meaning of a fraction. This student is only
shading in enough parts that represent the value in the denominator. This student also does not
recognize that the half and sixth representations are the same.
Explanation:
Teacher candidates may say that the student shaded two parts based on the explanations for the
other fractions. Teacher candidates may also wonder three what?
Work:
Teacher candidates should have similar understandings as the section that has both. Teacher
candidates may say that the student understands how to shade a third and a fourth but the strips
were switched.
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Student 3

Both:
Understanding: Student has proportional or ration understanding of fractions; however, teacher
candidates may not recognize it.
Misunderstanding: None.
Explanation:
Teacher candidates should be able to recreate the work from the explanation.
Work:
Teacher candidates may suggest that the student is grouping the parts inaccurately.
Walk around the room during group discussions to determine which responses to highlight. After
this time, call on teacher candidates to respond to the last two questions. What do the children
understand and not understanding about the mathematics? You can either call on the teacher
candidate and they choose which child they would like to talk about or you pick the student work
to talk about first.
After discussions are finished, remind teacher candidates to turn off the recorder by pressing the
stop button which has a square on it. Have teacher candidates to place all their materials back in
the basket. Have them write their name at the top of their reflection questions and place them in
their staging area. They will get these back the next time they return to class.
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Unit fractions are
fractions where the
numerator is 1 and the
denominator is a
positive integer
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Artifact 2 Protocol (Comparing Fractions)
Materials
Color Pencils
Recorders
Baskets

Handouts
Student work (Section 4)
Student work (Section 2)
Video Clip 384
Reflection Questions

Remind students of their online group discussion task where they compare fractions. Ask teacher
candidates if they have any questions about this task. After reviewing discussions on Blackboard,
address any misconceptions (Instructors will be informed about these upon the review of the
posted comments and discussions). If no misconceptions exist, present teacher candidates with
the artifact.
Give teacher candidates the reflection questions. Explain to them that they will be receiving
student work and watching a video (listening to a video or student work [specific to section]).
The artifact that they will receive will contain student work from the video and both contain the
same activity they completed on Blackboard. When teacher candidates receive these materials,
they are to answer the three reflections questions after examining the artifact. However, the
teacher candidates may want to have these questions in mind while watching/listening to the
video.
If the teacher candidates need additional space on their reflection questions, inform them that
they can write on the back of the questions. If they chose to do so, please indicate which question
the response goes to. Give teacher candidates 9 minutes to answer the reflection questions.
Reflection Questions:


Describe in your own words how the child compared each fraction.



What does the child understand mathematically about the problem? Provide evidence
from the handout to support your claims.



What does the child not understand mathematically about the problem? Provide evidence
from the handout to support your claims.

Give teacher candidates time to discuss their responses in their groups. Ask teacher candidate not
to alter their original responses. If they wish to add additional information, there are colored
pencils provided in the basket for them to use to write on their questions.
As part of the research study, the following discussions will be recorded. Have the teacher
candidates press the red record button before they start to discuss their responses to the
questions. There should be a red light that comes on when recording. Tell teacher candidates that
they are to leave on the recorders until instructed to turn off. Once they turn on the recorders, all
252

the teacher candidates will state their name then start discussing their responses. Give teacher
candidates 5-7 minutes to discuss the responses to each question.
Student
Section 4 – Will watch the video and receive student work.
Section 1 – Will listen to the video.
Section 2 – Will receive student work
Section 4 Student Work
(pictures deleted)
Section 2 Student Work
(pictures deleted)
Mathematical Understanding:
Student does have the ability to divide a whole into parts. The more parts the whole is divided
into the smaller the pieces. Also, if the whole is divided into the same number of parts, then the
numerator will determine which fraction is larger.
Mathematical Misunderstandings:
The student does not have an understanding of equivalent fractions. If fractions are compared to
whole numbers the whole numbers will always be larger.
Walk around the room during group discussions to determine which responses to highlight. After
this time, call on teacher candidates to respond to the last two questions. What does the child
understand and not understanding about the mathematics? You can either call on the teacher
candidate and they choose which question they would like to talk about or you pick the question
to talk about first.
After discussions are finished, remind teacher candidates to turn off the recorder by pressing the
stop button which has a square on it. Have teacher candidates to place all their materials back in
the basket. Have them write their name at the top of their reflection questions and place them in
their staging area. They will get these back the next time they return to class.
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Circle the number that you think is larger. If you think the numbers are equal, place an equal sign
between the two numbers. Explain why you made each decision.
Explanation

A.

1
6

1
8

B.

1
7

2
7

C.

1

4
4

D.

3
6

1
2

E.

4
3

1
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Artifact 3 Protocol (Determining Percentage)
Materials
Color Pencils
Recorders
Baskets

Handouts
Vignette with work (Section 4)
Vignette without work (Section 1)
Student work (Section 2)
Reflection Questions
Extra Grid Paper

Remind teacher candidates of their online group discussion task shading 6. They were to shade 6
small squares on a 4 x 10 rectangle and determine the percentage of the rectangle that was
shaded using the rectangle. Ask teacher candidates if they have any questions about this task.
After reviewing discussions on Blackboard, address any misconceptions (Instructors will be
informed about these upon the review of the posted comments and discussions).
Give teacher candidates the reflection questions. Explain to them that they will be receiving a
vignette with work (vignette without work or student work [specific to section]). A vignette is a
record of the class activity. The artifact that they will receive will contain student work and
explanations (explanations or work [specific to section]) from the same activity they completed
on Blackboard. When teacher candidates receive these materials, they are to answer the three
reflections questions after examining the handout. However, the teacher candidates may want to
have these questions in mind while examining the handout.
If teacher candidates need grid paper to write on, they can find additional copies in the basket in
the center of the table. Give teacher candidates 10-15 minutes to answer the reflection questions.
Reflection Questions:


Describe in your own words how the children found each percentage.



What do the children understand mathematically about the problem? Provide evidence
from the handout to support your claims.



What do the children not understand mathematically about the problem? Provide
evidence from the handout to support your claims.

Give teacher candidates time to discuss their responses in their groups. Ask teacher candidate not
to alter their original responses. If they wish to add additional information, there are colored
pencils provided in the basket for them to use to write on their questions.
As part of the research study, the following discussions will be recorded. Have the teacher
candidates press the red record button before they start to discuss their responses to the
questions. There should be a red light that comes on when recording. Tell teacher candidates that
they are to leave on the recorders until instructed to turn off. Once they turn on the recorders, all
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the teacher candidates will state their name then start discussing their responses. Give teacher
candidates 5-7 minutes to discuss the responses to each question.
Jalessa and Rachel’s Work
They took 100% and divided it by 40 to determine the percentage of every square. They
multiplied the percentage of one square by 6 to get 15%.
Understandings:
They recognize that the entire rectangle is 100% and it is interchangeable with 1 regardless of
how many subdivisions the rectangle has.
Misunderstandings:
None
Omar and Marcus’ Work
Made 2 x 3 rectangles within the larger rectangle with one column left over.
Understandings:
They understood that each column would be 10% because there were 10 columns. They
understand division or grouping.
Misunderstandings:
None
Time and Daniel’s Work
They shaded a column and a half of another.
Understandings:
They understood that each column would be 10% because there were 10 columns and that half a
column is 5%.
Misunderstandings:
None
Section 4 and 1:
The only misconception that is in the vignette is when students stated that the six squares was six
percent. It is not attributed to a single person.
Section 2:
There will be a lot of inferences made about their thinking. No explanation is provided.
Walk around the room during group discussions to determine which responses to highlight. After
this time, call on teacher candidates to respond to the last two questions. What do the children
understand and not understanding about the mathematics? You can either call on the teacher
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candidate and they choose which child they would like to talk about or you pick the student work
to talk about first.
After discussions are finished, remind teacher candidates to turn off the recorder by pressing the
stop button which has a square on it. Have teacher candidates to place all their materials back in
the basket. Have them write their name at the top of their reflection questions and place them in
their staging area. They will get these back the next time they return to class.
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Artifact 4 Protocol (Adding Fractions)
Materials
Color Pencils
Recorders
Baskets

Handouts
Student work (Section 4 & 2)
Video Clip 329
Transcript of Video (Section 1)
Reflection Questions

3 1
 . Ask teacher
4 2
candidates if they have any questions about this task. After reviewing discussions on Blackboard,
address any misconceptions (Instructors will be informed about these upon the review of the
posted comments and discussions). If no misconceptions exist, present teacher candidates with
the artifact.

Remind students of their online group discussion task where they modeled

Give teacher candidates the reflection questions. Explain to them that they will be receiving
student work and watching a video (listening to a video or student work [specific to section]).
The artifact that they will receive will contain student work from the video and both contain the
same activity they completed on Blackboard. When teacher candidates receive these materials,
they are to answer the three reflections questions after examining the artifact. However, the
teacher candidates may want to have these questions in mind while watching/listening to the
video or examining student work.
If the teacher candidates need additional space on their reflection questions, inform them that
they can write on the back of the questions. If they chose to do so, please indicate which question
the response goes to. Give teacher candidates 9 minutes to answer the reflection questions.
Reflection Questions:


Describe in your own words how the child added these two fractions.



What does the child understand mathematically about the problem? Provide evidence
from the handout to support your claims.



What does the child not understand mathematically about the problem? Provide evidence
from the handout to support your claims.

Give teacher candidates time to discuss their responses in their groups. Ask teacher candidate not
to alter their original responses. If they wish to add additional information, there are colored
pencils provided in the basket for them to use to write on their questions.
As part of the research study, the following discussions will be recorded. Have the teacher
candidates press the red record button before they start to discuss their responses to the
questions. There should be a red light that comes on when recording. Tell teacher candidates that
they are to leave on the recorders until instructed to turn off. Once they turn on the recorders, all
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the teacher candidates will state their name then start discussing their responses. Give teacher
candidates 5-7 minutes to discuss the responses to each question.
Section 4 – Will watch the video and receive student work.
Section 1 – Will listen to the video and receive the transcript of the video
Section 2 – Will receive student work
Section 4 & 2 Student Work
(Picture deleted)
Section 1 Transcript
(Transcript deleted)
Mathematical Understanding:
Student can accurately model fractions with equal-sized wholes and parts. Student can add
fractions with different denominators. However, it is not evident that the student would know
how to do the algorithm. In the IMAP book, it states that Felisha has NOT been taught how to
add fractions.
Mathematical Misunderstandings:
No evidence of a mathematical misunderstanding. However, teacher candidates may state that
she shaded the remaining part of the whole instead of the fraction as a misunderstanding.
Walk around the room during group discussions to determine which responses to highlight. After
this time, call on teacher candidates to respond to the last two questions. What does the child
understand and not understanding about the mathematics? You can either call on the teacher
candidate and they choose which question they would like to talk about or you pick the question
to talk about first.
After discussions are finished, remind teacher candidates to turn off the recorder by pressing the
stop button which has a square on it. Have teacher candidates to place all their materials back in
the basket. Have them write their name at the top of their reflection questions and place them in
their staging area. They will get these back the next time they return to class.
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Use pictures or manipulatives to model the following expression. Be use to identify your
solution.

3 1

4 2
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Artifact 5 Protocol (Multiplying Fractions)
Materials
Color Pencils
Recorders
Baskets

Handouts
Vignette with work (Section 4)
Vignette without work (Section 1)
Student work (Section 2)
Reflection Questions
Extra Typing Paper

Remind teacher candidates of their online group discussion task where they used pattern blocks
1
1
to model of . They were to write a number sentence that described what they have done and
2
3
explain their reasoning. Ask teacher candidates if they have any questions about this task. After
reviewing discussions on Blackboard, address any misconceptions (Instructors will be informed
about these upon the review of the posted comments and discussions).
Give teacher candidates the reflection questions. Explain to them that they will be receiving a
vignette with work (vignette without work or student work [specific to section]). A vignette is a
record of the class activity. The artifact that they will receive will contain student work and
explanations (explanations or work [specific to section]) from the same activity they completed
on Blackboard. When teacher candidates receive these materials, they are to answer the three
reflections questions after examining the handout. However, the teacher candidates may want to
have these questions in mind while examining the handout.
If teacher candidates need grid paper to write on, they can find additional copies in the basket in
the center of the table. Give teacher candidates 10-15 minutes to answer the reflection questions.
Reflection Questions:


Describe in your own words how the children worked the problem.



What do the children understand mathematically about the problem? Provide evidence
from the handout to support your claims.



What do the children not understand mathematically about the problem? Provide
evidence from the handout to support your claims.

Give teacher candidates time to discuss their responses in their groups. Ask teacher candidate not
to alter their original responses. If they wish to add additional information, there are colored
pencils provided in the basket for them to use to write on their questions.
As part of the research study, the following discussions will be recorded. Have the teacher
candidates press the red record button before they start to discuss their responses to the
questions. There should be a red light that comes on when recording. Tell teacher candidates that
they are to leave on the recorders until instructed to turn off. Once they turn on the recorders, all
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the teacher candidates will state their name then start discussing their responses. Give teacher
candidates 5-7 minutes to discuss the responses to each question.
Jorge’s Work

1 1 1
 
2 3 6

Jorge’s Explanation
I let the hexagon be the whole. Since 3 rhombi create the hexagon. I know that 1 rhombus
1
represents . Half of this rhombus is a triangle, so half of a third is a sixth. Because a triangle is
3
a sixth of the hexagon.
Jorge’s Understanding
He understands how to model each value and understands that this problem models
multiplication.
Jorge’s Misunderstanding
Jorge does not have any misunderstandings.
Jessica’s Work

1 1 1
 
2 3 6

Jessica’s Explanation
I took half of the hexagon, then I took a third of that, which would give me the same thing as
1
Jorge, .
6
Jessica’s Understanding
She understands how to find half and a third of a whole.
Jessica’s Misunderstanding
She has reversed the order of the problem, but does not recognize that she has done so.
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Tyler, Patricia, and Angela have a complete understanding of the problem as well as what Jessica
has done.
Section 2:
There will be a lot of inferences made about their thinking. No explanation is provided.
Since the vignette stops, students will have to determine if the number sentences are appropriate
for both [they are not] and determine what the new number sentence would be. For section 2,
since the teacher candidates do not get to read the class discussion, you could pose the following
question during the class discussion:
Do you think that this number sentence represents both Jorge’s and Jessica’s work? Why or why
not? [elmo sheet]
Walk around the room during group discussions to determine which responses to highlight. After
this time, call on teacher candidates to respond to the last two questions. What do the children
understand and not understanding about the mathematics? You can either call on the teacher
candidate and they choose which child they would like to talk about or you pick the student work
to talk about first.
After discussions are finished, remind teacher candidates to turn off the recorder by pressing the
stop button which has a square on it. Have teacher candidates to place all their materials back in
the basket. Have them write their name at the top of their reflection questions and place them in
their staging area. They will get these back the next time they return to class.
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Do you think that this number
sentence
1 1 1
 
2 3 6

represents both Jorge’s and Jessica’s
work? Why or why not?
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Artifact 6 Protocol (Dividing Fractions)
Materials
Color Pencils
Recorders
Baskets

Handouts
Student work and explanation (Section 4)
Student explanation (Section 1)
Student work (Section 2)
Reflection Questions
Extra Typing Paper

Remind teacher candidates of their online group discussion task where they solved Measuring
Scoops. They were to write a number sentence that described what they have done and explain
their reasoning. Ask teacher candidates if they have any questions about this task. After
reviewing discussions on Blackboard, address any misconceptions (Instructors will be informed
about these upon the review of the posted comments and discussions).
Give teacher candidates the reflection questions. Explain to them that they will be receiving a
student’s work with explanation (students’ explanation or student’s work [specific to section]).
The artifact that they will receive will contain student work and explanations (explanations or
work [specific to section]) from the same activity they completed on Blackboard. When teacher
candidates receive these materials, they are to answer the three reflections questions after
examining the handout. However, the teacher candidates may want to have these questions in
mind while examining the handout.
If teacher candidates need typing paper to write on, they can find additional copies in the basket
in the center of the table. Give teacher candidates 10-15 minutes to answer the reflection
questions.
Reflection Questions:


Describe in your own words how the child worked the problem.



What does the child understand mathematically about the problem? Provide evidence
from the handout to support your claims.



What does the child not understand mathematically about the problem? Provide evidence
from the handout to support your claims.

Give teacher candidates time to discuss their responses in their groups. Ask teacher candidate not
to alter their original responses. If they wish to add additional information, there are colored
pencils provided in the basket for them to use to write on their questions.
As part of the research study, the following discussions will be recorded. Have the teacher
candidates press the red record button before they start to discuss their responses to the
questions. There should be a red light that comes on when recording. Tell teacher candidates that
they are to leave on the recorders until instructed to turn off. Once they turn on the recorders, all
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the teacher candidates will state their name then start discussing their responses. Give teacher
candidates 5-7 minutes to discuss the responses to each question.
Maria’s work:

2

1
1 cup
1
cups 
 7 scoops
2
3 scoop
6

Hexagon = cup
Rhombus = scoop
Maria’s Explanation:
I let a hexagon be a cup of sugar. The recipe calls for 2

1
cups of sugar, so 2 hexagons and a
2

1
3
measuring scoop. A rhombus represents the measuring scoop. For every hexagon, I can get three
measuring scoops. For the two hexagons, I can get six measuring scoops. The trapezoid can be
separated into a rhombus and a triangle. This means that I can have another scoop with the
1
trapezoid, giving me a total of 7 scoops. The triangle represents , so Chef Fredrick would need
6
1
7 measuring scoops.
6

trapezoid would represent the cups of sugar needed for the recipe. Chef Frederick only has a

Maria’s Understanding
She understands how to find half, a third, and a sixth of a whole. She recognizes that the problem
is division. She understands what the unit of each number is. She accurately models the action of
the problem with pattern blocks.
Maria’s Misunderstanding

1
represents a sixth of a cup not a sixth of a scoop. The
6
triangle represents a half of a scoop.
She does not understand that the

Walk around the room during group discussions to determine which responses to highlight. After
this time, call on teacher candidates to respond to the last two questions. What do the children
understand and not understanding about the mathematics? You can either call on the teacher
candidate and they choose which child they would like to talk about or you pick the student work
to talk about first.
After discussions are finished, remind teacher candidates to turn off the recorder by pressing the
stop button which has a square on it. Have teacher candidates to place all their materials back in
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the basket. Have them write their name at the top of their reflection questions and place them in
their staging area. They will get these back the next time they return to class.
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INSTRUCTIONS (Artifact 1):
The following is a list of names for each group.
GROUP 1: Name1, Name2, Name3, and Name4
GROUP 2: Name1, Name2, Name3, and Name4
GROUP 3: Name1, Name2, Name3, and Name4
GROUP 4: Name1, Name2, Name3, and Name4
GROUP 5: Name1, Name2, Name3, and Name4
GROUP 6: Name1, Name2, Name3, and Name4
GROUP 7: Name1, Name2, Name3, and Name4
GROUP 8: Name1, Name2, Name3, and Name4
NOTE: There are eight groups.
STEP 1: Click on the group forum name. This will bring you to a page of group threads. Find
your group's thread. In each group thread, you will find an attached document. You will need to
print this document. *WHEN YOU PRINT THIS DOCUMENT, IT MAY SAY THAT THE
MARGINS ARE OUTSIDE OF THE PRINTABLE AREA. IF YOU CLICK YES TO
CONTINUE, IT WILL PRINT, GO AHEAD AND PRINT IT FOR YOU.* You will also need
scissors and colored pencils/markers. On this page, you will find four strips. Each strip has been
divided into twelve parts with dotted lines. Each strip/column is considered 1 whole. On this
page, you will have four wholes. Cut the strips so that the wholes are separated. Your task is to
shade the following fractions on separate wholes: 1/2, 1/3, 1/4, and 1/6. You must also explain in
words why the amount you shaded represents that fraction.
STEP 2: Submit your solution and solution process under your group’s thread by the start of
class on Tuesday, October 2. Feel free to attach/upload pictures as necessary.
STEP 3: After Tuesday, October 2, you must post 1 comment in YOUR group thread and a
comment to TWO different groups that are not your group. You will post a total of at least
THREE comments by the start of class on Thursday, October 4.
STEP 4: You may comment on any solution, solution process, or comment from any group after
meeting the above requirements. *It may be important to review solutions, solution processes,
and comments in all groups to gain a better understanding of the problem.*
SCORING: This Online Group Discussion is worth 5 points. Your solution and solution process
is worth 2 points. The three comments are worth 1 point each. Points will be deducted for any
part that has not been completed by the due dates.
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INSTRUCTIONS (Artifact 2):
The following is a list of names for each group.
GROUP 1: Name1, Name2, Name3, and Name4
GROUP 2: Name1, Name2, Name3, and Name4
GROUP 3: Name1, Name2, Name3, and Name4
GROUP 4: Name1, Name2, Name3, and Name4
GROUP 5: Name1, Name2, Name3, and Name4
GROUP 6: Name1, Name2, Name3, and Name4
GROUP 7: Name1, Name2, Name3, and Name4
GROUP 8: Name1, Name2, Name3, and Name4
NOTE: There are eight groups.
STEP 1: Click on the group forum name. This will bring you to a page of group threads. Find
your group's thread. In each group thread, you will find an attached document. You will need to
print this document. On this handout, you will find pairs of numbers. For each pair of numbers,
you will need to circle which number you think is larger. If you think that the two numbers are
the same, the place an equal sign between them. You must also explain in words why you made
your decision.
STEP 2: Submit your solution and a detailed description of your explanation under your group’s
thread by midnight on Saturday, October 6. Feel free to attach/upload pictures as necessary.
STEP 3: After midnight on Saturday, October 6, you must post 1 comment in YOUR group
thread and a comment to TWO different groups that are not your group. You will post a total of
at least THREE comments by the start of class on Tuesday, October 9. These responses should
indicate whether you agree or disagree with the person's solution and/or explanation. You should
also include WHY you agree or disagree. Only statements with justification will be considered
complete.
STEP 4: You may comment on any solution, explanation, or comment from any group after
meeting the above requirements. *It may be important to review solutions, explanations, and
comments in all groups to gain a better understanding of the problem.*
SCORING: This Online Group Discussion is worth 5 points. Your solution and explanation is
worth 2 points. The three comments are worth 1 point each. Points will be deducted for any part
that has not been completed by the due dates.
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INSTRUCTIONS (Artifact 3):
The following is a list of names for each group.
GROUP 1: Name1, Name2, Name3, and Name4
GROUP 2: Name1, Name2, Name3, and Name4
GROUP 3: Name1, Name2, Name3, and Name4
GROUP 4: Name1, Name2, Name3, and Name4
GROUP 5: Name1, Name2, Name3, and Name4
GROUP 6: Name1, Name2, Name3, and Name4
GROUP 7: Name1, Name2, Name3, and Name4
GROUP 8: Name1, Name2, Name3, and Name4
NOTE: There are eight groups.
STEP 1: Click on the group forum name. This will bring you to a page of group threads. Find
your group's thread. In each group thread, you will find an attached document. You will need to
print this document. On this handout, you will find a 4x10 rectangle. You are to shade 6 small
squares within this rectangle. Once you have shaded, you are to determine the percentage of the
rectangle that you have shaded. You must also explain in words how you found the percentage
using the rectangle.
STEP 2: Submit your solution and a detailed description of your explanation under your group’s
thread by class time on Thursday, October 11. Feel free to attach/upload pictures as necessary.
STEP 3: After class on Thursday, October 11, you must post 1 comment in YOUR group thread
and a comment to TWO different groups that are not your group. You will post a total of at least
THREE comments by the start of class on Tuesday, October 16. These responses should indicate
whether you agree or disagree with the person's solution and/or explanation. You should also
include WHY you agree or disagree. Only statements with justification will be considered
complete.
STEP 4: You may comment on any solution, explanation, or comment from any group after
meeting the above requirements. *It may be important to review solutions, explanations, and
comments in all groups to gain a better understanding of the problem.*
SCORING: This Online Group Discussion is worth 5 points. Your solution and explanation is
worth 2 points. The three comments are worth 1 point each. Points will be deducted for any part
that has not been completed by the due dates.
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INSTRUCTIONS (Artifact 4):
The following is a list of names for each group.
GROUP 1: Name1, Name2, Name3, and Name4
GROUP 2: Name1, Name2, Name3, and Name4
GROUP 3: Name1, Name2, Name3, and Name4
GROUP 4: Name1, Name2, Name3, and Name4
GROUP 5: Name1, Name2, Name3, and Name4
GROUP 6: Name1, Name2, Name3, and Name4
GROUP 7: Name1, Name2, Name3, and Name4
GROUP 8: Name1, Name2, Name3, and Name4
NOTE: There are eight groups.
STEP 1: Click on the group forum name. This will bring you to a page of group threads. Find
your group's thread. In each group thread, you will find an attached document. You will need to
print this document. On this handout, you will find an expression. You will be asked to model
the addition of two fractions. You may use any manipulative you would like to model OR you
can draw a picture of how you would add these two fractions. Use the model or drawing to
determine what the sum will be.
STEP 2: Submit your model/drawing, solution, and a detailed description of your explanation
under your group’s thread by class time on Tuesday, October 30. Attach/Upload a picture of
your model/drawing.
STEP 3: After class on Tuesday, October 30, you must post 1 comment in YOUR group thread
and a comment to TWO different groups that are not your group. You will post a total of at least
THREE comments by the start of class on Thursday, November 1. These responses should
indicate whether you agree or disagree with the person's solution, model/drawing, and/or
explanation. You should also include WHY you agree or disagree. Only statements with
justification will be considered complete.
STEP 4: You may comment on any solution, model/drawing, explanation, or comment from any
group after meeting the above requirements. *It may be important to review solutions,
explanations, and comments in all groups to gain a better understanding of the problem.*
SCORING: This Online Group Discussion is worth 5 points. Your solution, model/drawing, and
explanation is worth 2 points. The three comments are worth 1 point each. Points will be
deducted for any part that has not been completed by the due dates.
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INSTRUCTIONS (Artifact 5):
The following is a list of names for each group.
GROUP 1: Name1, Name2, Name3, and Name4
GROUP 2: Name1, Name2, Name3, and Name4
GROUP 3: Name1, Name2, Name3, and Name4
GROUP 4: Name1, Name2, Name3, and Name4
GROUP 5: Name1, Name2, Name3, and Name4
GROUP 6: Name1, Name2, Name3, and Name4
GROUP 7: Name1, Name2, Name3, and Name4
GROUP 8: Name1, Name2, Name3, and Name4
NOTE: There are eight groups.
STEP 1: Click on the group forum name. This will bring you to a page of group threads. Find
your group's thread. In each group thread, you will find an attached document. You will need to
print this document. You are asked to model using pattern blocks and provide a number sentence
to describe what you have done.
STEP 2: Submit your number sentence and a detailed description of what you have done with
your pattern blocks under your group’s thread by class time on Tuesday, November 6.
Attach/Upload a picture of your model/drawing.
STEP 3: After class on Tuesday, November 6, you must post 1 comment in YOUR group thread
and a comment to TWO different groups that are not your group. You will post a total of at least
THREE comments by the start of class on Thursday, November 8. These responses should
indicate whether you agree or disagree with the person's number sentence, model/drawing,
and/or explanation. You should also include WHY you agree or disagree. Only statements with
justification will be considered complete.
STEP 4: You may comment on any solution, explanation, or comment from any group after
meeting the above requirements. *It may be important to review number sentences,
models/drawings, explanations, and comments in all groups to gain a better understanding of the
problem.*
SCORING: This Online Group Discussion is worth 5 points. Your number sentence,
model/drawing, and explanation is worth 2 points. The three comments are worth 1 point each.
Points will be deducted for any part that has not been completed by the due dates.
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INSTRUCTIONS (Artifact 6):
The following is a list of names for each group.
GROUP 1: Name1, Name2, Name3, and Name4
GROUP 2: Name1, Name2, Name3, and Name4
GROUP 3: Name1, Name2, Name3, and Name4
GROUP 4: Name1, Name2, Name3, and Name4
GROUP 5: Name1, Name2, Name3, and Name4
GROUP 6: Name1, Name2, Name3, and Name4
GROUP 7: Name1, Name2, Name3, and Name4
GROUP 8: Name1, Name2, Name3, and Name4
NOTE: There are eight groups.
STEP 1: Click on the group forum name. This will bring you to a page of group threads. Find
your group's thread. In each group thread, you will find an attached document. You will need to
print this document. You are asked to solve a word problem. For this word problem, you are to
model the action of the problem and provide a number sentence that describes that action.
Explain how you solved this problem.
STEP 2: Submit your number sentence, model/drawing, and a detailed description of what you
have done under your group’s thread by Saturday, November 10 by midnight. Attach/Upload a
picture of your model/drawing.
STEP 3: After midnight on Saturday, November 10, you must post 1 comment in YOUR group
thread and a comment to TWO different groups that are not your group. You will post a total of
at least THREE comments by the start of class on Tuesday, November 13. These responses
should indicate whether you agree or disagree with the person's number sentence,
model/drawing, and/or explanation. You should also include WHY you agree or disagree. Only
statements with justification will be considered complete.
STEP 4: You may comment on any number sentence, model/drawing, explanation, or comment
from any group after meeting the above requirements. *It may be important to review number
sentences, models/drawings, explanations, and comments in all groups to gain a better
understanding of the problem.*
SCORING: This Online Group Discussion is worth 5 points. Your number sentence,
model/drawing, and explanation is worth 2 points. The three comments are worth 1 point each.
Points will be deducted for any part that has not been completed by the due dates.
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Dear Student,

As part of my research study, I will be interviewing you about your responses in yesterday's class
discussion. If you are willing to be interviewed for my study, you can reply to this email directly,
[email]. Please keep in mind that these interviews will last approximately 15-30 minutes. I will
work with your schedule, so that means that the interview times do not have to be between 8:00
A.M. - 5:00 P.M. Monday through Friday. Your participation is greatly appreciated. I look
forward to hearing from you.

Thank you,
Ms. Gillentine
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Section 2: Your background
1. Are you: Female ___

Male ___

2. Select your classification.
___ Freshman
___ Sophomore
___ Junior
___ Senior

3. Select your major
___ Elementary Education
___ Special Education
___ Other (Please provide major) ________________________________________
4. Have you been admitted as a student in the Teacher Education Program?
___ Yes
___ No

5. About how many undergraduate classes have you taken at a college or university in
the following areas? (Circle ONE response for each item.)
No
classes

One or
two
classes

Three to
five
classes

Six or
more
classes

a)

Mathematics

1

2

3

4

b)

Methods of teaching
mathematics

1

2

3

4
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6. Please select the concentration(s) that you are or may be completing for your
degree.
___ Computers

___ Mathematics

___ English

___ Science

___ Fine Arts

___ Social Studies

___ Foreign Language

___ Special Education

7. Please indicate the extent of agreement with the following statements about your
knowledge of mathematics. (Circle ONE for each statement.)
Strongly
Strongly
Disagree
Agree
a. Overall, I know the mathematics needed to teach
this subject.
b. I have strong knowledge of fractions and decimals.
c. I have strong knowledge of all areas of mathematics.
d. My knowledge of fractions and decimals is adequate
to the task of teaching these subjects.
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